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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
63 ]. This is test number [ 99 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then

the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Mathematica | 100.00 ( 63 ) | 0.00 (0)
Fricas | 100.00 (63) | 0.00 (0)
Rubi 98.41 (62) | 1.59 (1)
Maple 92.06 (58) | 794 (5)
Maxima | 77.78 (49) | 22.22 (14)
Giac 55.56 (35) | 44.44 ( 28)
Mupad | 50.79 (32) |49.21 (31)
Sympy | 44.44 (28) | 55.56 ( 35)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 69.841 0.000 0.000 30.159
Mathematica 58.730 12.698 0.000 28.571
Maple 44.444 19.048 0.000 36.508
Fricas 39.683 31.746 0.000 28.571
Giac 19.048 7.937 0.000 73.016
Sympy 15.873 0.000 0.000 84.127
Maxima, 12.698 36.508 0.000 50.794
Mupad 0.000 22.222 0.000 77.778

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Mathematica | 0 0.00 0.00 0.00

Fricas 0 0.00 0.00 0.00

Rubi 1 100.00 0.00 0.00

Maple 5 100.00 0.00 0.00

Maxima, 14 35.71 0.00 64.29

Giac 28 100.00 0.00 0.00

Mupad 31 0.00 100.00 0.00

Sympy 35 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Fricas 0.25
Rubi 0.63
Maple 0.64
Sympy 1.09
Maxima 1.89
Giac 3.52
Mupad 3.64
Mathematica 5.07

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 91.44 1.30 22.00 1.11
Sympy 143.93 1.25 19.00 1.00
Rubi 175.84 1.03 134.00 1.00
Fricas 275.24 1.77 130.00 1.58
Giac 295.46 1.58 23.00 1.10
Mathematica | 300.63 1.46 171.00 1.17
Maple 433.60 1.73 118.00 1.00
Maxima 910.49 15.56 424.00 4.78

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to

solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher

than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{45, B}[10}[14}[15} 34} 35} |42} |43} |47, |48, [52} 53, [57) [58) [62, 63}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {{44}[45][49}[50}[59}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS
2.1.1 Rubi. . ... .. e e e 211
2.1.2 Mma. . . . . . e e 211
2.1.3 Maple . . . . o 22]
2.1.4 Fricas . . . . . . . e e e 22]
2.1.5 Maxima . . . . . .. e e e e e e e e 22
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad . . . ... e
2.1.8 SYympy . . . . oo e 23]

2.1.1 Rubi

A grade {[1}[2,36[78[L1}[12 L3} 16}[18} [19} 20} 21} [22} 23 24} 25 [26}[27) 28} 29} 30}[31} 32} 33}
[36,[37, 38} 39} 40} 41} 44} 45, |46, (49}, 50} 51} 54, 551 56, 5% (60} 61 }

B grade { }

C grade { }

F normal fail {[17}
F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade {[1,25)5)8) 1,12 13, 16)[7 1515, 20} 21, 22 23, 27 25, 20) 27 25 29, 50, B, 53 B3
56|57 35 0} 41, 4, 51, 54 5,560 }

B grade {15 E4H5,A5, 606361 )
C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 22

2.1.3 Maple

A grade {[1}21[3}[6, 78} [11}[12} [13} 18} 19} 20} [21} 22} 23} [24} 25} 26} [27) 28} 29}[30} 31} 32}[33) 41
[46}51] }

B grade { [9){I0,/4 519,50 54,55, 56. 59 60,61 )
C grade { }

F normal fail {[16][17}[36}[37[38| }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grﬁe { B[16}[17}[18, [19% [20} 21} 22} 23} [24} [25} 26, [27] 28} 29} 30} 31} 32} ]33} 36, 37 38} 46} 50}
}

B grade {[1}[2,3(6} 7 [11}[12}[13}[39} 40} 41, 44} [45} 149} 54} 55} 56} 6% [60} 1] }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.5 Maxima

A grade {ZUPAE3 208 EERA )

B grade {12371 253500, 8 51,0, 6 51 65,69 6.
C grade { }

F normal fail {[16[17}[36}[37[38| }

F(-1) timedout fail { }

F(-2) exception fail {[L8][19][20][24} 25} [26}[29}[30/[31] }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade {[18[19,20]21} 24,2526, 2729} 30,81}32| }
B grade { [8[22,[23)[28[33 }
C grade { }

F normal fail {(1)2)B)B) T3 12 [3,[6) 7 56} 57 5 50) 0 4, 5 19, 50, 1, 5 5
56,59/ 60,61 )

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.7 Mupad

A grade { }
B grade { (16171515 £0)28/25,26,29,50 BT }
C grade { }

F normal fail { }

F(-1) timedout fail {[1,2,[6} 7 [L1} [12}[13} 21} 22}[23}[27}[28,[32, 33} 36} 37} 38} |39} 40} 44} 45, {46,
[49}[50} 51} 54 55} 56,59} 60} 61 }

F(-2) exception fail { }

2.1.8 Sympy

A grade { )[T51920,2125,26,2960,51 )
B grade {}

C grade { }

F normal fail {[1}[2}[3[6l[7}[11}[12}[13} 16} 17} [21} [22, 23} 27} 2832} 33} 36} 37} [38} 3% [40} 41} A4}
[45} 46149} 50} 51} 54} 551 56, 5% (60, 61] }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 106 133 106 125 243 286 0 0 0
N.S. 1 1.25  1.00 1.18 2.29 2.70 0.00 0.00 0.00
time (sec) N/A 0.611 0.013 0.490 0.600 0.280 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 96 7 103 163 200 0 0 0
N.S. 1 1.25  1.00 1.34 2.12 2.60 0.00 0.00 0.00
time (sec) N/A 0.465 0.009 0.429 0.682  0.259 0.000 0.000 0.000
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 54 61 54 78 92 122 0 0 129
N.S. 1 1.13  1.00 1.44 1.70 2.26 0.00 0.00 2.39
time (sec) N/A 0.321 0.006 0.438 0.397 0.242 0.000 0.000 3.346

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 8 12 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 0.80 1.20 1.20
time (sec) N/A 0.180 1.555  0.240 0.446  0.253 0.315 0.340 3.237
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 10 12 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 1.00 1.20 1.20
time (sec) N/A 0.182 2.420 0.205 0.452  0.237 0.281 0.337 3.065
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 98 122 115 133 639 225 0 0 0
N.S. 1 1.24 117 1.36 6.52 2.30 0.00 0.00 0.00
time (sec) N/A 0.587 0.686 0.632 0.397 0.256 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 73 87 160 108 257 144 0 0 0
N.S. 1 1.19 219 1.48 3.52 1.97 0.00 0.00 0.00
time (sec) N/A 0.435 5.051 0.550 0.631  0.247 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 43 34 214 38 41 162 35
N.S. 1 1.00 1.43 1.13 7.13 1.27 1.37  5.40 1.17
time (sec) N/A 0.245 0.146 0459 0.524 0.251 0.216 0.604 0.163

Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 243 14 10 14 14

N.S. 1 1.00 1.17 1.00 20.25 1.17 0.83 1.17 1.17
time (sec) N/A 0.195 3.216 0.339 0.956 0.242 0309 0.633 3.566

Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 250 14 12 14 14

N.S. 1 1.00 117 100 2083 117 1.00 117 117

time (sec) N/A 0.197 2442 0.311 0.447 0237 0.287 0.671  2.928

Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 205 245 370 251 1205 344 0 0 0

N.S. 1 1.20 1.80 1.22 5.88 1.68 0.00 0.00 0.00
time (sec) N/A 1.300 6.536 0.355 0.471  0.274 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 27
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 128 149 172 180 736 240 0 0 0
N.S. 1 1.16 1.34 1.41 5.75 1.88 0.00 0.00 0.00
time (sec) N/A 0.849 2.281 0.299 0.659  0.261 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 90 98 171 122 386 146 0 0 0
N.S. 1 1.09 1.90 1.36 4.29 1.62 0.00 0.00 0.00
time (sec) N/A 0.480 4.577 0.271 0.783  0.257 0.000 0.000 0.000
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 534 14 10 14 14
N.S. 1 1.00 1.17 1.00 44.50 1.17 0.83 1.17 1.17
time (sec) N/A 0.194 4.854 0.174 0913 0.242 0334 0921 3.176
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 536 14 12 14 14
N.S. 1 1.00 1.17 1.00 44.67 1.17 1.00 1.17 1.17
time (sec) N/A 0.194 2.584 0.188 0.713 0.242 0.284 0.962 2.826

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 18 18 18 0 0 16 0 0 50
N.S. 1 1.00 1.00 0.00 0.00 0.89 0.00 0.00 2.78
time (sec) N/A 2.908 1.811 0.000 0.000 0.262 0.000 0.000 3.610
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F A F F A F F B
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD
size 17 0 17 0 0 15 0 0 45
N.S. 1 0.00 1.00 0.00 0.00 0.88 0.00 0.00 2.65
time (sec) N/A 0.000 0.916 0.000 0.000  0.250 0.000 0.000 5.453
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 189 206 278 170 0 164 258 188 423
N.S. 1 1.09 147  0.90 0.00 0.87 1.37  0.99 2.24
time (sec) N/A 0.704 0.802 0.674 0.000 0.255 0.263 0.382 4.118
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 137 147 178 108 0 105 165 119 241
N.S. 1 1.07 1.30 0.79 0.00 0.77 1.20 0.87 1.76
time (sec) N/A 0.481 0.493 0.520 0.000 0.251 0.190 0.359 3.706

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 90 96 50 0 55 92 62 105
N.S. 1 1.07 1.14 0.60 0.00 0.65 1.10 0.74 1.25
time (sec) N/A 0.311 0.741 0471 0.000 0.243 0.148 0.353 3.446
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 161 152 166 65 112 51 0 138 0
N.S. 1 094 1.03 0.40 0.70 0.32 0.00 0.86 0.00
time (sec) N/A 0.731 0.610 0.601 0.282  0.252 0.000 0.371 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 168 167 224 96 119 83 0 1013 0
N.S. 1 099 1.33 0.57 0.71 0.49 0.00 6.03 0.00
time (sec) N/A 0.745 0.767  0.508 0.585  0.259 0.000 2.299 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 227 225 285 216 158 130 0 532 0
N.S. 1 099 1.26 0.95 0.70 0.57 0.00 2.34 0.00
time (sec) N/A 0.967 1.000 0.569 0.595  0.250 0.000 0.442 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 270 270 473 283 0 267 665 368 289
N.S. 1 1.00 1.75 1.05 0.00 0.99 2.46 1.36 1.07
time (sec) N/A 0.532 2.541 0.746 0.000 0.251 0.415 0.434 4.301
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 202 202 282 173 0 163 418 217 183
N.S. 1 1.00 1.40 0.86 0.00 0.81 2.07 1.07 0.91
time (sec) N/A 0.437 1.612 0.780 0.000 0.245 0.329 0.449 3.651
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 151 151 130 82 0 79 226 101 103
N.S. 1 1.00 0.86 0.54 0.00 0.52 1.50 0.67 0.68
time (sec) N/A 0.388 1.070 0.801 0.000 0.248 0.258 0.416 3.130
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 305 305 211 114 194 84 0 404 0
N.S. 1 1.00 0.69 0.37 0.64 0.28 0.00 1.32 0.00
time (sec) N/A 1.046 0.848 0.871 0.304 0.244 0.000 0.417 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 436 436 467 175 211 142 0 1967 0

N.S. 1 1.00 1.07  0.40 0.48 0.33 0.00 4.51 0.00
time (sec) N/A 1.049 1.672 0.892 0.480 0.278 0.000 11.298  0.000

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 396 396 667 396 0 370 945 548 411
N.S. 1 1.00 1.68 1.00 0.00 0.93 2.39 1.38 1.04
time (sec) N/A 0.670 3.764 1.209 0.000 0.245 0.538 0.580 4.249

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F(-2) A A A B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 294 294 405 238 0 221 588 315 263
N.S. 1 1.00 138 0.81 0.00 0.75 2.00 1.07 0.89

time (sec) N/A 0.540 2.736 1.082  0.000 0.248 0.504 0.619 3.949

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 209 208 205 114 0 105 311 142 146
N.S. 1 1.00 098  0.55 0.00 0.50 1.49 0.68 0.70
time (sec) N/A 0.493 1.516 0.884  0.000 0.246 0.343 0.559  3.940

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 449 449 336 163 276 117 0 810 0
N.S. 1 1.00 0.75 0.36 0.61 0.26 0.00 1.80 0.00
time (sec) N/A 1.980 1.137 0.934 0.315 0.255 0.000 0.584 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 712 712 833 254 297 197 0 2915 0
N.S. 1 1.00 117  0.36 0.42 0.28 0.00 4.09 0.00
time (sec) N/A 2.063 2.853 1.063 0.431  0.247 0.000 30.478 0.000
Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 23 23 25 21 520 115 51 23 24
N.S. 1 1.00 1.09 0.91 22.61 5.00 2.22 1.00 1.04
time (sec) N/A 0.225 42.842 0.192 1.833  0.250 5.317 0.641  3.372
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 21 21 23 19 79 34 29 21 22
N.S. 1 1.00 1.10 0.90 3.76 1.62 1.38 1.00 1.05
time (sec) N/A 0.211 9.865 0.163 0.500 0.242 2.400 0.357 3.337

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 98 98 133 0 0 85 0 0 0
N.S. 1 1.00 1.36 0.00 0.00 0.87 0.00 0.00 0.00
time (sec) N/A 0.335 1.771  0.000 0.000  0.085 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 171 171 192 0 0 144 0 0 0
N.S. 1 1.00 1.12 0.00 0.00 0.84 0.00 0.00 0.00
time (sec) N/A 0.432 4.489 0.000 0.000  0.087 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 251 251 269 0 0 198 0 0 0
N.S. 1 1.00 1.07 0.00 0.00 0.79 0.00 0.00 0.00
time (sec) N/A 0.507 13.029 0.000 0.000  0.087 0.000 0.000 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 152 152 342 500 672 500 0 0 0
N.S. 1 1.00 2.25 3.29 4.42 3.29 0.00 0.00 0.00
time (sec) N/A 0.463 0.146 0.641 0.715  0.274 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 115 115 191 314 373 317 0 0 0
N.S. 1 1.00 1.66 2.73 3.24 2.76 0.00 0.00 0.00
time (sec) N/A 0.413 0.080 0.583 0.520 0.261 0.000 0.000 0.000
Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 84 87 143 130 160 0 0 161
N.S. 1 1.00 1.04 1.70 1.55 1.90 0.00 0.00 1.92
time (sec) N/A 0.321 0.013 0.547  0.377 0.260 0.000 0.000 3.597
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 86 20 15 20 20
N.S. 1 1.00 1.11 1.00 4.78 1.11 0.83 1.11 1.11
time (sec) N/A 0.208 1.914 0.217 0440 0.243 0.663 0.389 3.534
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 142 31 17 20 20
N.S. 1 1.00 1.11 1.00 7.89 1.72 0.94 1.11 1.11
time (sec) N/A 0.206 5.096 0.220 0.463 0.242 2494 4.371 3.676

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 300 300 1337 952 2525 759 0 0 0

N.S. 1 1.00 4.46 3.17 8.42 2.53 0.00 0.00 0.00
time (sec) N/A 0.764 7.326 1.603 1.726  0.276  0.000 0.000 0.000

Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 229 229 649 575 1263 450 0 0 0

N.S. 1 1.00 2.83 2.51 5.52 1.97 0.00 0.00 0.00
time (sec) N/A 0.601 6.833 1389 0912 0.264 0.000 0.000 0.000

Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 136 135 200 238 527 219 0 0 0

N.S. 1 099 147 1.75 3.88 1.61 0.00 0.00 0.00

time (sec) N/A 0.393 7.410 1.308 0.409  0.258 0.000 0.000 0.000

Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 491 36 17 22 22

N.S. 1 1.00 110 1.00 2455 180 085 110 1.10
time (sec) N/A 0224 19.689 0.366 0.827 0252 1.091 0.565 4.172

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A  N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 609 47 19 22 22

N.S. 1 1.00 1.10 1.00 30.45 2.35 0.95 1.10 1.10
time (sec) N/A 0.228 14.033 0.388 1.683 0.254 2.107 15426 3.644

Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 612 612 2594 1930 6861 1177 0 0 0

N.S. 1 1.00 4.24 3.15 11.21 1.92 0.00 0.00 0.00
time (sec) N/A 1.285 7.568 1.210 10.883 0.268 0.000 0.000 0.000

Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B A F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 436 427 1846 1138 3407 688 0 0 0

N.S. 1 098 423 261 7.81 1.58 0.00 0.00 0.00

time (sec) N/A 0912 7.164 1.058 1.972 0.290 0.000 0.000 0.000

Problem 51 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 277 275 277 493 1319 327 0 0 0

N.S. 1 0.99 1.00 1.78 4.76 1.18 0.00 0.00 0.00
time (sec) N/A 0.594 8.323 0.915 0.670  0.266  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 52 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 1935 52 17 22 22

N.S. 1 1.00 1.10 1.00 96.75 2.60 0.85 1.10 1.10
time (sec) N/A 0.222 14.685 0.621  3.085 0251 1.330 1.075 3.911

Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 2194 63 19 22 22

N.S. 1 1.00 1.10 1.00 109.70 3.15 0.95 1.10 1.10
time (sec) N/A 0.225 17.927 0.760 9.084 0.253 2439 18.056 4.929

Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 243 246 297 1468 983 1183 0 0 0

N.S. 1 1.01  1.22 6.04 4.05 4.87 0.00 0.00 0.00

time (sec) N/A 0972 1.676 0.780 0.568  0.282  0.000 0.000 0.000

Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 181 188 236 940 715 834 0 0 0

N.S. 1 1.04 1.30 5.19 3.95 4.61 0.00 0.00 0.00
time (sec) N/A 0.746 1.426 0.693 0.553  0.272 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 125 132 177 462 399 527 0 0 0
N.S. 1 1.06 1.42 3.70 3.19 4.22 0.00 0.00 0.00
time (sec) N/A 0.478 1.560 0.637  0.603 0.272 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 279 27 17 22 22
N.S. 1 1.00 1.10 1.00 13.95 1.35 0.85 1.10 1.10
time (sec) N/A 0.232 2414 0.424 0.890 0.239 1.022 0.417 3.963
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 424 51 19 22 22
N.S. 1 1.00 1.10 1.00 21.20 2.55 0.95 1.10 1.10
time (sec) N/A 0.227 4.558 0.317 1.726  0.252 1.759 4.307 4.091
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 848 848 1724 5959 4631 2537 0 0 0
N.S. 1 1.00 2.03 7.03 5.46 2.99 0.00 0.00 0.00
time (sec) N/A 2.248 9.637 0.967 2409 0327 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 654 654 761 3901 2530 1576 0 0 0
N.S. 1 1.00 1.16 5.96 3.87 241 0.00 0.00 0.00
time (sec) N/A 1.809 7.529 0.969 1.023  0.286 0.000 0.000 0.000
Problem 61 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 214 228 745 2001 1156 843 0 0 0
N.S. 1 1.07  3.48 9.35 5.40 3.94 0.00 0.00 0.00
time (sec) N/A 0.771 7.889 0.862 0.705  0.268 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 1498 55 19 22 22
N.S. 1 1.00 1.10 1.00 74.90 2.75 0.95 1.10 1.10
time (sec) N/A 0.233 13.937 0.550 8731 0252 1.670 0.541 4.538
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 1977 96 20 22 22
N.S. 1 1.00 1.10 1.00 98.85 4.80 1.00 1.10 1.10
time (sec) N/A 0.234 15452 0.652 27223 0.248 3.181 22.558 3.988

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [11] had the largest
ratio of [1.33332999999999990]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade ifse 5 ; urrii 1;e antliéiaicriszr:zive leaf size irﬁgg;aiﬁiole;?size
i | A 8 7 1.25 10 0.700
2l | A 7 6 1.25 10 0.600
3| A 6 5 1.13 8 0.625
N/A 2 0 1.00 10 0.000
N/A 2 0 1.00 10 0.000
6 | A 10 9 1.24 12 0.750
71| A 9 8 1.19 12 0.667
8 | A 5 5 1.00 10 0.500
9 | N/A 2 0 1.00 12 0.000
N/A 2 0 1.00 12 0.000
11| A 17 16 1.20 12 1.333
12| A 13 12 1.16 12 1.000
3| A 10 9 1.09 10 0.900
N/A 2 0 1.00 12 0.000
N/A 2 0 1.00 12 0.000
A 1 1 1.00 45 0.022
F 0 0 N/A 0.000 N/A
18| A 9 9 1.09 23 0.391
19| A 7 7 1.07 23 0.304
20| A 5 5 1.07 21 0.238
21| A 7 7 0.94 23 0.304
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page
number of numjber of no.rma?lize.d integrand umber of rules
# | grade steps unique antiderivative leaf size integrand leaf size
used rules leaf size
22| A 7 7 0.99 23 0.304
23| A 9 9 0.99 23 0.391
24| A 3 3 1.00 23 0.130
25| A 3 3 1.00 23 0.130
26| A 3 3 1.00 21 0.143
27| A 3 3 1.00 23 0.130
28| A 3 3 1.00 23 0.130
29| A 3 3 1.00 23 0.130
30| A 3 3 1.00 23 0.130
31| A 3 3 1.00 21 0.143
32| A 3 3 1.00 23 0.130
33| A 3 3 1.00 23 0.130
N/A 2 0 1.00 23 0.000
N/A 2 0 1.00 21 0.000
36| A 3 3 1.00 23 0.130
37| A 3 3 1.00 23 0.130
38| A 3 3 1.00 23 0.130
39| A 3 3 1.00 18 0.167
40/ A 3 3 1.00 18 0.167
4| A 3 3 1.00 16 0.188
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 18 0.000
44| A 3 3 1.00 20 0.150
45| A 3 3 1.00 20 0.150
ue[| A 3 3 0.99 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
49| A 3 3 1.00 20 0.150
50 A 3 3 0.98 20 0.150
51| A 3 3 0.99 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
A 8 7 1.01 20 0.350
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page
number of number of normalized integrand b ¢l
# | gade | seps | wiawe | aidetive | ECT RS
55| A 7 6 1.04 20 0.300
56| A 6 5 1.06 18 0.278
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
59| A 3 3 1.00 20 0.150
60| A 3 3 1.00 20 0.150
61| A 8 7 1.07 18 0.389
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000

2.3. Detailed conclusion table specific for Rubi results
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3.1 [ z*tan(a + bz) dx

3.1.1 Optimalresult . . .. ... ... . ... .. . e 451
3.1.2 Mathematica [A] (verified) . . . . . . . ... . Lo 5]
3.1.3 Rubi [A] (verified) . . ... ... .. 16
3.1.4 Maple [A] (verified) . ... ... ... ... 19
3.1.5  Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 19
3.1.6 Sympy [F] . . . . o 50
3.1.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 501
3.1.8 Giac [F] . . . o b1l
3.1.9 Mupad [F(-1)] . . . o o Il

3.1.1 Optimal result

Integrand size = 10, antiderivative size = 106

| 31 1 2i(a+bx) 3iz2 PolvL 2,— 2i(a+bx)
/z?’tan(a—i—bx)dz:%_x og ( *I;e )+ iz” Poly 0g2£2 € )
3z PolyLog (3, —e2(®t%))  3iPolyLog (4, —e(@+2))

203 At

e B

1/4*%I*x~4-x"3*1n(1+exp (2*%I* (b*x+a)))/b+3/2*%I*x"2*polylog(2,-exp (2*I* (b*x+a
‘)))/b‘2—3/2*x*polylog(3,—exp(2*I*(b*x+a)))/b‘3—3/4*I*polylog(4,-exp(2*I*(b
‘*x+a)))/b‘4 J

output

3.1.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.00

izt z8log (14 e¥(@t2))  3ix2 PolyLog (2, —e?(a+t2)
/x?’tan(a—l-bx)dz:%_ g ( )+ yLog ( )

b 26°
3z PolyLog (3’ _ ezz‘(a+bm)) 3i PolyLog ( 4,— e2i(a+bz) )
B 263 B At

input LIntegrate [x"3*Tan[a + b*x],x]

-/

output‘(1/4)*x‘4 - (x73xLog[1 + E~((2*I)*(a + b*x))]1)/b + (((3*I)/2)*x~2xPolyLogl ‘
‘2, -E~((2*I)*(a + b*x))])/b~2 - (3*x*PolyLog[3, -E~((2*I)*(a + b*x))])/(2*
'b73) - (((3%I)/4)*Polylog[4, -E~((2+D)*(a + b*x))1)/b"4 |

3.1.  [z3tan(a+ bz)dzx
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3.1.3 Rubi [A] (verified)

Time = 0.61 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.25,
number of steps used = 8, number of rules used = 7, dumber of rules _ ¢ 700 Ryles used

integrand size
= {3042, 4202, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.
/x3 tan(a + bzx) dz
| 3042
/x?’ tan(a + bz)dz

l 4202
. A4 e2i(a+bz) 1.3

i ,
7 / 1 + eZi(atbo) dz

l 2620

izt N (32’ [ 221og (1 + e2i(a+bz)) de  izdlog (14 eZi(a+bm))>
1 p—

4 2b 2b

l 3011

. (iz? PolyLog(2,—e?(a+b2)) 4 [z PolyLog(2,—e?!(a+%®))dg _
32( 25 - b ) 43 log (1 + e2z(a+bx))

4 2b 2b

l 7163

izt

if PolyLog(B,—ezi(‘H'bw))dz iz PolyLog(S,—eZi(a+bw)) )

iz2 PolyLog (2,—ezi(‘1+bz)) ¢ < 2b 5

31 % b

2% i3 log (1 + e2i(a+bm))
¢ % - %

l 92720

3.1.  [z3tan(a+ bz)dzx




input

output

rule 2620
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iz
. ] 5_2i(a+bw) PolyLog (3’_e2i(a+bw))d62i(a+bw) iz PolyLog (3’_82i(a+bz))
i? PolyLog (2,—¢2i(atbs)) w2 - %
3 2b - 5
2% iz log (1 +e%
Z —_—
2b %
l 7143
izt
. POlyLOg(4,—€2i(a+bz)) T PolyLog(3,—e2i(a+bz))
) i —
3 iz? PolyLog (2,—e?(1b2)) 4b2 2b
2b - b
% i3 log (1 + e2z(a+bx))
Z —

2b 2b

B
LInt [x~3*Tan[a + b*x],x]

~—

((1/4)*x*4 - (2+¢I)*(((-1/2*%I)*x"3*Log[1 + E~((2*xI)*(a + b*x))1)/b + (((3*I)
‘/2)*(((I/2)*x‘2*PolyLog[2, -E~((2*I)*(a + b*x))]1)/b - (I*x(((-1/2*I)*x*Poly
‘Log[S, -E~((2*xI)*(a + b*x))])/b + PolyLog[4, -E~((2*I)*(a + b*x))]/(4*b~2)
12)/6))/b)

—_

3.1.3.1 Defintions of rubi rules used

Int [(CCFL)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Logl[l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

3.1.  [z3tan(a+ bz)dzx



rule 2720

rule 3011

rule 3042

rule 4202

rule 7143

rule 7163

CHAPTER 3. LISTING OF INTEGRALS

48

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x))))"(n_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)))"n]/(b*c*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F]1)) Int[(f + gxx)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

N\

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (@_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*I*(
e + £xx))/(1 + E~(2*I*x(e + f*x)))), x], x] /; FreeQl{c, d, e, £}, x] && IGt

Q[m, 0]

‘Int[PolyLog[n_, (c_)*x((a_.) + (b_)*x_)ND"(p_.)1/0@_.) + (e_.)*(x_)), x_S
‘ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
» €, I, P}, X] && EqQ[b*d, a*e]

Int[((e_.) + (£_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLog[n + 1, d*(F~(cx*(a
+ b*x)))"pl/ (bxcxp*Log[F1)), x] - Simp[f*(m/(bxc*p*Log[F]l)) Int[(e + f*x)
“(m - 1)*PolyLogln + 1, dx(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c
, d, e, £, n, p}, x] && GtQ[m, O]

3.1.  [z3tan(a+ bz)dzx
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3.1.4 Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.18

method | result

: izt 3z Lig (—ezi(bz-m)) 2ialx
risch 4 203 + 5%+ 22 21 e bl

3ix2 Lig (_eQi(baH—a)) 3iat 3i Lig (_eZ'L'(ba:+a)) 2a3 ln(ei(bm+a)) 3 ln(eZiw

-

input Lint (x~3*tan(b*x+a) ,x,method=_RETURNVERBOSE)

-/

output ‘ 1/4*I*x~4-3/2*x*polylog(3,—exp (2*I* (b*x+a)))/b~3+2*%I/b~3*a"3*x+3/2*I*x"2*p
|olylog(2,-exp(2xIx(bxx+a)))/b"2+3/2+1/b" 4*a~4-3/4xIxpolylog (4, -exp(2+I* (b*
x+a)))/b~4-2/b"4xa"~3*1n(exp (I* (bxx+a)))-x"3*1ln(exp (2*I*(b*x+a))+1) /b

N\ J

3.1.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 286 vs. 2(83) = 166.

Time = 0.28 (sec) , antiderivative size = 286, normalized size of antiderivative = 2.70

/z3 tan(a + bx) dx =
3 3 2 (i tan(bz+a)—1) 3.3 2 (—t tan(bz+a)—1) .72 97 . ( 2(itan(bz+a)—1) 79
_4b$ 10g<—m>+4b$ 10g<— tan(bx+a)2+1 >+6Zb$le<m+l>—6lbu
inputLintegrate(x‘3*tan(b*x+a),x, algorithm="fricas") J

output | -1/8*(4xb~3*x"3*Llog(-2*(I*xtan(b*x + a) - 1)/(tan(b*x + a)~™2 + 1)) + 4xb~3x
x"3*xlog(-2*(-I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 6*I*b~2*x"2*dilog
(2% (I*tan(b*x + a) - 1)/(tan(b*x + a)”2 + 1) + 1) - 6xI*b"2xx"2xdilog(2* (-
Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1) + 1) + 6*b*x*polylog(3, (tan(b*x
+ a)”2 + 2+Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 6xbxx*polylog(3, (t
an(b*x + a)~2 - 2*Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) - 3*I*polylog(
4, (tan(b*x + a)~2 + 2*Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 3*I*pol
ylog(4, (tan(b*x + a)~2 - 2xIxtan(b*x + a) - 1)/(tan(b*x + a)"2 + 1)))/b"4

3.1.  [z3tan(a+ bz)dzx
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3.1.6 Sympy [F]

/ z’ tan(a + bz) dz = /a:3 tan (a + bx) dx

~—

input Lintegrate (x**3*tan (b*x+a) ,x)

i

;
output Integral (x**3xtan(a + b*x), x)

- J

3.1.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 243 vs. 2(83) = 166.

Time = 0.60 (sec) , antiderivative size = 243, normalized size of antiderivative = 2.29

/z3 tan(a + bx) dx =
~3i (bx + a)* + 12i (bz + a)’a — 18i (bx + a)’a? + 12 a®log (sec (bz + a)) — 4 (—4i (bx + a)® + 9i (b -

input integrate(x~3*tan(b*x+a),x, algorithm="maxima")

N\ J

output | -1/12*% (-3*I*(b*x + a)~4 + 12xIx(b*x + a) 3*a - 18*Ix(b*x + a)~2*a”2 + 12*a
~3*log(sec(b*x + a)) - 4*(-4xIx(bxx + a)~3 + 9*Ix(b*x + a) 2xa - 9*Ix(b*x

+ a)*a~2)*arctan2(sin(2xb*x + 2%a), cos(2%b*x + 2%a) + 1) - 6%x(4*xIx(b*x +

a)~2 - 6xIx(b*x + a)*a + 3xI*a~2)*dilog(-e~(2*xIxb*x + 2xIxa)) + 2% (4*x(b*x

+ a)73 - 9%(b*x + a)”2%a + 9*(bxx + a)*a~2)*log(cos(2*b*x + 2%a)~2 + sin(2
*b*x + 2%a)”~2 + 2%cos(2xb*x + 2%a) + 1) + 6%(4*b*x + a)*polylog(3, -e~(2*I
*xb*x + 2xIxa)) + 12%Ixpolylog(4, -e” (2*I*b*x + 2*I*a)))/b~4

3.1.  [z3tan(a+ bz)dzx
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3.1.8 Giac [F]

/x3 tan(a + bx) dx = /w?’ tan (bx + a) dx

input Lintegrate (x"3*tan(b*x+a) ,x, algorithm="giac")

output Lintegrate(x‘3*tan(b*x + a), x)

3.1.9 Mupad [F(-1)]
Timed out.

/x3 tan(a + bz) dz = /x3 tan(a + bx) dx

input Lint(x“S*tan(a + b*x),x)

output Lint(x“B*tan(a + b*x), x)

3.1.  [z3tan(a+ bz)dzx
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3.2 [ z*tan(a + bx) dx

3.21 Optimalresult . .. ... ... .. . H2]
3.2.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 52
3.2.3 Rubi [A] (verified) . . . .. ... . 53
3.24 Maple [A] (verified) . ... ... . ... .. 55
3.2.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... 55
3.2.6 Sympy [F] . . . . 56!
3.2.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 561
328 Giac [F] . . . b1}
3.29 Mupad [F(-1)] . . . . o o BT

3.2.1 Optimal result

Integrand size = 10, antiderivative size = 77

23 z?log (1 + e2ilatto)
/x2tan(a+bx)dx:%_ g( ; )
N iz PolyLog (2, —e*(@+%))  PolyLog (3, —e2(a+42))
b2 23

output‘1/3*I*x‘3—x“2*ln(1+exp(2*I*(b*x+a)))/b+I*x*polylog(2,—exp(2*I*(b*x+a)))/b‘
‘2—1/2*polylog(3,—exp(2*I*(b*x+a)))/b‘3

3.2.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00

.3 21og (1 + e2ilatba)
/than(a—l—bx)dx:%_w g( be )
, iz PolyLog (2, —e%(e+t2)  PolyLog (3, —e%(atbe))
b2 23

input‘ Integrate[x~2*Tan[a + b*x],x]

output‘ (I/3)*x~3 - (x"2xLog[1 + E~((2*I)*(a + b*x))]1)/b + (I*x*PolyLogl[2, -E~((2%
LI)*(a + b*x))1)/b~2 - PolyLogl3, -E~((2*I)*(a + b*x))1/(2%b"3) J

32. [z*tan(a+ bz)dzx
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3.2.3 Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.25, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 655 Ryles used = {3042,

integrand size
4202, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/w2 tan(a + bx) dz
| 3042
/a:2 tan(a + bx)dx
l’4202
ix3 ] e2i(a+bz) 12
—_— = ——dx
3 1+ e2i(a+bz)
l 2620
iz3 o; i [zlog (14 €¥(@+%2)) dz  iz?log (1 4 e%(a+t))
3 b 2
| 3011
. ( iz PolyLog (2,—e2i(a+bx) i [ PolyLog(2,—e?¥(a+b)) g, _
i3 N Z(zx oly og(2b e ) _ i PolyLog( e ) z) iz? log (1 + e2ila+bo))
g b 2
l 2720
(2,—ePilatba) 2i(a+ba) 3( 2i(a-+be) ) ge2i(ar+be)
. iz PolyLog(2,—e~*\T0% e <1a75%) PolyLog(2,—e~*\¢T0%)) et a0 .
N Z(m: yLog(2, _J yLog(2 e e ) iz? log (1 + e2ia+0))
' b 2
l’7143
. [ iz PolyL 2,— 2i(a+bzx) PolvyL 3,— 2i(a+bx) )
i3 N Z(zx oly Og(zb e ) _ Poly Og(4b2e )) iz? log (1_+_627,(a+bw))
3 b 2

input‘ Int [x"2*Tan[a + b*x],x]

32. [z*tan(a+ bz)dzx



output

rule 2620

rule 2720

rule 3011

rule 3042

rule 4202

rule 7143
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‘(I/B)*x“s - (2*ID)*(((-1/2xI)*x"2xLog[1 + E~((2*I)*(a + b*x))]1)/b + (I*(((I
‘/2)*x*PolyLog[2, -E~((2*I)*(a + b*x))])/b - PolyLog[3, -E~((2*I)*(a + b*x)
)1/(4%572))) /b)

3.2.3.1 Defintions of rubi rules used

Int [CCFL)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(xx_))"(m_.))/
(@) + (b_)*(F_)~((g_)*(Ce_.) + (£_)*(x_))))"(n_.)), x_Symbol]l :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x) " (m - 1)*Logl[l + b*x((F (gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ion0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((FL)"((c_.)*((a_.) + (b_.)*(x_)IN"(_)I*((E_.) + (g_.)
*(x_)) " (m_.), x_Symbol] D> Simp[(—(f + g*X)Am)*(POlyLog[Q, (~e)*(F~ (cx(a +
b*x)))"n]/ (brcnrLog[F1)), x] + Simplg*(n/(bxcrnrLog[F]))  Int[(f + gkx)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol]l :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E~(2*I*(
e + f*x))/(1 + E-(2xI*(e + f*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt
Q[m, 0]

Int[PolyLogln_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

32. [z*tan(a+ bz)dzx
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3.2.4 Maple [A] (verified)

Time = 0.43 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.34

method | result size

. ) . 3 z21n e2i(bx+a)+1 iz Lio (—e2i(bz+a) Lia (—e2i(bz+a) 242 In (et (bz+a)
risch i : b ) 4 il 5 ) Ll 263 : (b3 > | 103

-

input Lint (x~2*tan(b*x+a) ,x,method=_RETURNVERBOSE)

-/

output \ 1/3%I*x~3-2%I/b"2%a"2*%x-4/3*%I1/b"3*a"~3-x"2*1n(exp (2*I* (b*x+a))+1) /b+I*x*pol
\ylog(2,-exP(2*I*(b*x+a)))/b‘2—1/2*polylog(3,—exp(2*I*(b*x+a)))/b‘3+2/b‘3*a
~2%1n(exp (I*(b*x+a)))

N\ J

3.2.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 200 vs. 2(62) = 124.

Time = 0.26 (sec) , antiderivative size = 200, normalized size of antiderivative = 2.60

/z2 tan(a + bx) dx =
2.2 2 (i tan(bz+a)—1) 2.2 2 (—1i tan(bz+a)—1) . . [ 2(i tan(bz+a)—1) . .
_2b Xz IOg <—m> + 2b°x log <— tan(bx+a)2+1 > + 2 beh(W + 1) — 2¢ bzxLi
43
inputLintegrate(x‘2*tan(b*x+a),x, algorithm="fricas") J

output | -1/4%(2%b~2*x"2*log(-2* (I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 2xb~2*
x"2xlog(-2*(-I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 2xIxbxx*dilog(2*(
Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1) + 1) - 2*I*bxx*dilog(2*(-Ixtan(b*
x +a) - 1)/(tan(b*x + a)”2 + 1) + 1) + polylog(3, (tan(b*x + a)~2 + 2*Ixt
an(b*x + a) - 1)/(tan(b*x + a)”2 + 1)) + polylog(3, (tan(b*x + a)~2 - 2%Ix
tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)))/b"3

32. [z*tan(a+ bz)dzx
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3.2.6 Sympy [F]

/ z?tan(a + bz) dx = /x2 tan (a + bx) dzx

~—

p
input Lintegrate (x**2*tan (b*x+a) ,x)

outputLIntegral(x**Q*tan(a + b*x), x) J

3.2.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 163 vs. 2(62) = 124.

Time = 0.68 (sec) , antiderivative size = 163, normalized size of antiderivative = 2.12

/z2 tan(a + bz) dz =
—2i (bx + a)® + 66 (bx + a)’a — 6i brLiy (—e?i*+29)) — 642 log (sec (bx + a)) — 6 (—i (bz + a)* + 2i (

input‘integrate(x“Q*tan(b*x+a),x, algorithm="maxima") ‘

output | -1/6x(-2*I*(b*x + a)~3 + 6*%I*(b*x + a)~2%a - 6xIxb*x*dilog(-e” (2*xIxb*x + 2
xI*a)) - 6xa”2*log(sec(b*x + a)) - 6x(-I*x(b*x + a)~2 + 2*I*x(b*x + a)*a)*ar
ctan2(sin(2*b*x + 2*a), cos(2xbxx + 2%a) + 1) + 3*x((b*x + a)~2 - 2*(b*x +
a)*a)*log(cos(2*b*x + 2*%a)~2 + sin(2*b*x + 2%a)~2 + 2%cos(2%b*x + 2%a) + 1
) + 3xpolylog(3, -—e~(2*Ixb*x + 2%I*a)))/b"~3

3.2.8 Giac [F]

/x2 tan(a + bx) dr = /ac2 tan (bx + a) dz

e hY
integrate(x~2*tan(b*x+a) ,x, algorithm="giac")

N J

input

outputLintegrate(x*2*tan(b*x +a), x) J

32. [z*tan(a+ bz)dzx
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3.2.9 Mupad [F(-1)]
Timed out.

/w2 tan(a + bz) dz = /1;2 tan(a + bz) dz

input Lint(x‘2*tan(a + b*x),x)

output Lint(x‘2*tan(a + b*x), x)

32. [z*tan(a+ bz)dzx
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3.3 [ ztan(a + bx) dz

3.3.1 Optimalresult . .. ... ... . .. ..
3.3.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL
3.3.3 Rubi [A] (verified) . . . .. ... ..
3.34 Maple [A] (verified) . ... ... . ... ..
3.3.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. ..
3.3.6 Sympy [F] . . . . .
3.3.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ...
338 Giac [F] . . .
3.3.9 Mupad [B] (verification not implemented) . . ... ... ... ........

3.3.1 Optimal result

Integrand size = 8, antiderivative size = 54

2 xzlog (1 + e2i(atdr) i PolyLog (2, —e2!(a+ta)
/xtan(a+bm)dx:%_ g : ) | iPoly g(2b2 )

output ‘ 1/2xI*x~2-x*1n (1+exp (2*I* (b*x+a))) /b+1/2*I*polylog(2,-exp (2*I*(b*x+a)))/b"
2

3.3.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.00

2 1 1 + e2i(atde) i PolyLog (2, — 2i(a+bx)
/:ctan(a—l—bx)dx:%_x()g( be ) . iPoly Og(2b2 e )

input LIntegrate [x*Tan[a + b*x],x]

output‘ (I/2)*x~2 - (x*Log[1l + E~((2*I)*(a + b*x))]1)/b + ((I/2)*PolyLogl[2, -E~((2*
D*(a + b*x))1)/b™2

33. [ztan(a+ bz)dz
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3.3.3 Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.13, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 605 Ryjjeg used = {3042,

integrand size
4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ ztan(a + bx) dz
| 3042
/ ztan(a + bx)dx

l 4202
. 9 2i(a+bx)
W9 £ T 4
2 1+ e2i(a+bz)

l 2620

ir? (i [log (1 + eQi(a+bz)) de  izlog (1 + 62i(a+bz))
. 2 - %

l 2715

iz ( fe—Zi(a+bm) log (1 + e2i(a+bz)) de2ilatbz) o log (1 + eQi(a+bz))>

9
2 42 2

l 2838

iz? N < PolyLog (2, _ e2i(a+bz)) iz log (1 + e2i(a+bm))>
1/ —_— J—

2 4b2 2b

input LInt [x*Tan[a + b*x],x]

~—

output | (I/2)#x°2 - (2+1)*(((~1/2+T)*xxLogl1 + E~((2¥D)*(a + b*x))1)/b - PolyLogl2

» "ET((2*I)*(a + b*x))]/(4*b~2))

33. [ztan(a+ bz)dz

—.
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3.3.3.1 Defintions of rubi rules used

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(xx_))"(m_.))/
(@) + (b_)*((F)"((g_I)*((e_.) + (£_)*(x_)))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Logl[l + b*x((F~(g*x(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))~n/a)], x]1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2715 | Int [Log[(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4202 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol]l :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) “m*(E~(2*xI*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt
Q[m, 0]

3.3.4 Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.44

method | result

. iz2 2iax ia2 wln(ezi(”z‘*'“)—{—l) 1 Lio (—eZi(b’H'a)) 2a ln(ei(’m"’“))
isch | S+ + % - 7 t— T @
i (ln(tan(bz+a)—i) In (1+tan2 (bx+a)) —dilog (— M:;M) —In(tan(bz+a)—i)ln (— i(tan(bz2+a)+i) ) _In(tan
parts In(1+tan?(bz+a))z - 5
2b

input Lint (x*tan(b*x+a) ,x,method=_RETURNVERBOSE)

33. [ztan(a+ bz)dz
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OUtput | 1/2+T*x"2+2+I/bra*x+I/b"2%a~2-x*1n (exp (2+I* (bkx+a))+1) /b+1/2+I*polylog(2, -
‘exp(2*I*(b*x+a)))/b“2-2/b“2*a*1n(exp(I*(b*x+a)))

3.3.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 122 vs. 2(41) = 82.

Time = 0.24 (sec) , antiderivative size = 122, normalized size of antiderivative = 2.26

/m tan(a + bx) dr =

2 b log (—M> + 2bzlog (—2(—" tan(b‘”“)‘l)) +iLiy (w + 1) . iLig(

tan(bz+a)?+1 tan(bz+a)?+1 tan(bz+a)?+1

2 (—1 tan(b

tan(bz+

4 b?

inputLintegrate(x*tan(b*x+a),x, algorithm="fricas")

Output‘ -1/4%(2*b*x*log(-2* (I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 2¥bxx*log(
|-2%(-I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + Ixdilog(2*(Ixtan(b*x + a)
‘ - 1)/(tan(b*x + a)"2 + 1) + 1) - Ixdilog(2*(-I*tan(b*x + a) - 1)/(tan(b*x
L+ a2+ 1) + 1))/b72

3.3.6 Sympy [F]

/a:tan(a+bz) dx = /mtan (a + bx) dz

input Lintegrate (x*tan (b*x+a) ,x)

output LIntegral(x*tan(a + b*x), x)

33. [ztan(a+ bz)dz
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3.3.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 92 vs. 2(41) = 82.

Time = 0.40 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.70

/m tan(a + bx) dr =

—ib*z? + 2i br arctan (sin (2bz + 2a) , cos (2bz + 2a) + 1) + bz log (cos (2bz + 2 a)® +sin (2bz + 2a
202

~—

p
inputLintegrate(x*tan(b*x+a),x, algorithm="maxima")

output| -1/2#(-I*b"2%x"2 + 2¢I*brx*arctan2(sin(2xbx + 2*a), cos(2kbkx + 2%a) + 1)
|+ bxxxlog(cos(2xb¥x + 2¥a)”2 + sin(2xb*x + 2%a)~2 + 2%cos(2kbxx + 2%a) +
1) - Ixdilog(-e”(2*I*b*x + 2%I*a)))/b"2

3.3.8 Giac [F]

/mtan(a—l—bx) dx = /mtan (bx + a) dx

input‘integrate(x*tan(b*x+a),x, algorithm="giac")

outputLintegrate(x*tan(b*x +a), x) J

3.3.9 Mupad [B] (verification not implemented)

Time = 3.35 (sec) , antiderivative size = 129, normalized size of antiderivative = 2.39

/z tan(a + bzx) dz =

7 In (cos (bx)) + polylog (2, —e @ e7022) 1i — 1 In (e™*He "% + 1) + 2a In (e X e b2 + 1) — 7
2 b2

33. [ztan(a+ bz)dz
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input‘int(x*tan(a + b*x),x)

output(-(polylog(2, -exp(-a*2i)*exp(-b*x*2i))*1i - pi*log(exp(b*x*2i) + 1) - pixl
‘og(exp(—a*2i)*exp(-b*x*2i) + 1) + 2xa*xlog(exp(-a*2i)*exp(-b*x*2i) + 1) + p
‘i*log(cos(b*x)) + b"2*x"2%1i - log(cos(a + b*x))*(2*a - pi) + 2*b*x*log(ex
 p(-a*2i)*exp(-b*x*2i) + 1) + a*bxx*2i)/(2%b"2)

|

33. [ztan(a+ bz)dz
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3.4 f tan(a+bx) dx

T
3.4.1 Optimalresult . . . ... .. .. ... . . 64
3.4.2 Mathematica [N/A] . . . . . . . . 64
343 Rubi [N/A] . . . . o 65
3.44 Maple [N/A] (verified) . . . . . .. ... . L 66
3.4.5 Fricas [N/A] . . . . . 66
3.4.6 Sympy [N/A] . . . . 66
3.4.7 Maxima [N/A] . . . . o 67
3.4.8 Giac [N/A] . . . . o 67
349 Mupad [N/A] . . .o 67

3.4.1 Optimal result

Integrand size = 10, antiderivative size = 10

/ tan(a + bx) o — Tnt (tan(a + bx) x)

T T

p
output LUnintegrable (tan(b*x+a)/x,x)

~—

3.4.2 Mathematica [N/A]

Not integrable

Time = 1.55 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dr — / tan(a + bz) i

T T

-

input LIntegrate [Tan[a + b*x]/x,x]

~—

output LIntegrate [Tan[a + b*x]/x, x]

~—

3.4, [ temlatta) gy



input

output

rule 3042

rule 4222
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3.4.3 Rubi [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan(a + bx) dz

T
l 3042
/ tan(a + bz) e
T
l 4222
/ tan(a + bx) iz
T
/Int [Tan[a + b*x]/x,x] J
L$Aborted J
3.4.3.1 Defintions of rubi rules used
Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
Int[((c_.) + (A_)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)]1"(n_.), x_Symbol] :>

Simp[If [MatchQ[f, (£1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I~
n*xUnintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - I*f*x]"n, x], I"n*Uninteg
rable[(c + d*x) "m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1)"n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrable[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQ[{c, d, e, £, m, n}, x] && Integ
erQ[n]

3.4, [ temlatta) gy
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3.4.4 Maple [N/A] (verified)

Not integrable

Time = 0.24 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ tan (bz + a) s

T

input Lint (tan(b*x+a)/x,x)

output Lint (tan(b*x+a) /x,x)

3.4.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ tan(a + bx) dr — / tan (bz + a) i

Z T

inputLintegrate(tan(b*x+a)/x,x, algorithm="fricas")

outputtintegral(tan(b*x + a)/x, x)

3.4.6 Sympy [N/A]
Not integrable

Time = 0.32 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/ tan(a + bx) dp — / tan (a + bx) i

Z 4

input Lintegrate (tan(b*x+a)/x,x)

output‘ Integral(tan(a + b*x)/x, x)

34. f tan((;—“’w) dz
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3.4.7 Maxima [N/A]

Not integrable

Time = 0.45 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dr — / tan (bz + a) i

Z T

input‘integrate(tan(b*x+a)/x,x, algorithm="maxima")

output Lintegrate(tan(b*x + a)/x, x)

3.4.8 Giac [N/A]
Not integrable

Time = 0.34 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) d /tan (bz + a) i

Z T

inputLintegrate(tan(b*x+a)/x,x, algorithm="giac")

output tintegrate(tan(b*x + a)/x, x)

3.4.9 Mupad [N/A]
Not integrable

Time = 3.24 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dp — / tan(a + bx) s

T T

input Lint(tan(a + b*x)/x,x)

-

output tint(tan(a + b*x)/x, x)

e—

34. f tan((;—“’w) dz
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35 f tan(a+bx) dx

72
3.5.1 Optimalresult . .. ... ... .. .. . ... 68
3.5.2 Mathematica [N/A] . . . . ... .. 68
353 Rubi [N/A] . . . oot 69
3.5.4 Maple [N/A] (verified) . . . . . .. ... .o 70
3.5.,5 Fricas [N/A] . . . . . V)
3.5.6 Sympy [N/A] . . . 70
3.5.7 Maxima [N/A] . . . . . (71l
3.5.8 Giac [N/A] . . . . o (71l
3.5.9 Mupad [N/A] . . .o [Tl

3.5.1 Optimal result

Integrand size = 10, antiderivative size = 10

/ tan(a + bx) o — Tnt (tan(a + bx) x)

x2 x2

p
output LUnintegrable (tan(b*x+a)/x"2,x)

~—

3.5.2 Mathematica [N/A]

Not integrable

Time = 2.42 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dr — / tan(a + bz) i

2 x2

-

input LIntegrate [Tan[a + b*x]/x"2,x]

~—

output LIntegrate [Tan[a + b*x]/x"2, x]

~—

35, [ tmlertn) gy



input

output

rule 3042

rule 4222
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3.5.3 Rubi [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan(a + bx) dz

22
l 3042
/ tan(a ;— bx) e
T
l 4222
/ tan(a ;— bx) iz
T
| Int[Tan[a + b¥x]/x~2,x] J
L$Aborted J
3.5.3.1 Defintions of rubi rules used
Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
Int[((c_.) + (A_)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)]1"(n_.), x_Symbol] :>

Simp[If [MatchQ[f, (£1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I~
n*xUnintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - I*f*x]"n, x], I"n*Uninteg
rable[(c + d*x) "m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1)"n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrable[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQ[{c, d, e, £, m, n}, x] && Integ
erQ[n]

35, [ tmlertn) gy
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3.5.4 Maple [N/A] (verified)

Not integrable

Time = 0.20 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ tan (bz + a) s

xr2

input Lint (tan(b*x+a)/x"2,%)

output Lint (tan(b*x+a) /x"2,%)

3.5.5 Fricas [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ tan(a + bx) dr — / tan (bz + a) i

2 x2

input Lintegrate (tan(b*x+a)/x"2,x, algorithm="fricas")

output Lintegral (tan(b*x + a)/x"2, x)

3.5.6 Sympy [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ tan(a + bx) dp — / tan (a + bx) i

2 x2

input Lintegrate (tan(b*x+a) /x**2,x)

output‘ Integral(tan(a + b*x)/x**2, x)

3.5. [l gy
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3.5.7 Maxima [N/A]

Not integrable

Time = 0.45 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dr — / tan (bz + a) i

2 x2

input‘integrate(tan(b*x+a)/x“2,x, algorithm="maxima")

outputtintegrate(tan(b*x + a)/x"2, x)

3.5.8 Giac [N/A]
Not integrable

Time = 0.34 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) d /tan (bz + a) i

2 x2

inputLintegrate(tan(b*x+a)/x“2,x, algorithm="giac")

output tintegrate(tan(b*x + a)/x"2, x)

3.5.9 Mupad [N/A]
Not integrable

Time = 3.06 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dp — / tan(a + bx) s

2 x2

input Lint(tan(a + b*x)/x"2,x)

-

outputtint(tan(a + b*x)/x"2, %)

e—

3.5. [l gy
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3.6 [ z*tan*(a + bx) dz

3.6.1 Optimalresult . .. ... ... . .. ... 72]
3.6.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 72
3.6.3 Rubi [A] (verified) . . . .. ... .. 73
3.6.4 Maple [A] (verified) . ... ... . ... ... 76
3.6.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 76
3.6.6 Sympy [F] . . . . . . (77
3.6.7 Maxima [B] (verification not implemented) . . . . . . ... ... ... ... .. |
3.6.8 Giac [F] . . . . . 78
3.6.9 Mupad [F(-1)] . . . . o [78

3.6.1 Optimal result

Integrand size = 12, antiderivative size = 98

23zt 3z%log (1+ %)) 3iz PolyLog (2, —e%(at+to))
34,2 _ Z~ 108 yLog (2,
/x tan (a+bx)dx——7—z+ B - B3
3 PolyLog (3, —e%(atto)) N 23 tan(a + bx)
2b* b

output ‘ -I*x"3/b-1/4%*x"4+3%x"2*1n(1+exp (2*I* (b*x+a))) /b~2-3*I*x*polylog(2,-exp (2*I ‘
‘*(b*x+a)))/b‘3+3/2*polylog(3,—exp(2*I*(b*x+a)))/b‘4+x‘3*tan(b*x+a)/b

3.6.2 Mathematica [A] (verified)

Time = 0.69 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.17

7
/z3 tan®(a + bz) dr = 1
N 262z ( 1ii:§ia + 3log (1 + e~2(e+))) 4 64bz PolyLog (2, —e~2(@*%2)) 4+ 3 PolyLog (3, —e~2i(@+t2))
2b*
z3 sec(a) sec(a + bz) sin(bz)
b
input LIntegrate [x"3*Tan[a + b*x]~2,x] J

36. [ztan®(a+ bz)dz
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0utput‘-1/4*x”4 + (2%b72+x7 2% (((2*I)*b*x) /(1 + E~((2*I)*a)) + 3xLog[l + E~((-2*I)
\*(a + b*x))]) + (6%I)*bxx*PolyLog[2, -E~((-2*I)*(a + b*x))] + 3*PolyLogl[3,
‘ -E~((-2*I)*(a + b*x))])/(2%xb~4) + (x~3*Sec[a]*Sec[a + b*x]*Sin[b*x])/b

3.6.3 Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.24,

number of steps used = 10, number of rules used = 9, umber of rules _ 750 Ryjles used
integrand size

= {3042, 4203, 15, 3042, 4202, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ac3 tan?(a + bz) dz
| 3042

/x3 tan(a + bz)?dzx
| 4208

2 3
_ 3 z*tan(a +bz)dz /m3da: L E tan(a + bzx)
b b

| 15

_ 3 [2?tan(a + bz)dx N r3tan(a +bz) xt

b b 4
l 3042
3 [2?tan(a + bz)dz z3tan(a+bx) z*
— + _
b b 4
l 4202
2 e2i(atbx) 2 d
3 ( J freariny ) + z3tan(a + bz) z*
b b 4
l 2620
i3 . (i [ zlog(1+€?(atb0))dy  iz? log(1+e?i(atba))
_3(%_%( b - 25 )) z3tan(a + bz) z*
b b 4
l 3011

36. [ztan®(a+ bz)dz
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<w PolyLog(Q,_em(aerm)) if polyLog(Q’_eu(aHm))dw)
¢ 2b - 2b ., ilath
i3 . 1T log(l.l,.e i(a+ :c))
3 3 21 5 _ .
+
z3 tan(a + bx) zt
b 4
l 2720
. <w PolyLog(2,—¢2i(atb))  j ¢=2i(a+b2) polyLog 2, —e2i(atba) ) g2ilatbe)
’ 2 - 12 . 2i(atba)
i3 . ix log(1+e i(a+bx )
3 3 21 5 _ o

- +

z3 tan(a + bx) zt

b 4
l 7143
. <wc PolyLog(2,—¢2(a+2))  PolyLog(3,—e2i(a+b2))
[ 2b - 462 5 2i(atb
iz® ; iz? log (1+e?H(a+b2))
3 3 21 5 _ o
B +

z3tan(a +bx) 2*
b 4

input  Int[x~3*Tanl[a + b*x]~2,x]

& J

Output‘-1/4*x‘4 - (3*((I/3)*x~3 - (2*I)*(((-1/2*%I)*x"2*Log[1l + E~((2*I)*(a + b*x) \
‘)])/b + (I*(((I/2)*x*PolyLogl[2, -E~((2*I)*(a + b*x))])/b - PolyLogl[3, -E~( ‘
‘ (2¥I)*(a + b*x))]1/(4%¥b~2)))/b)))/b + (x"3*Tan[a + b*x])/b ‘

36. [ztan®(a+ bz)dz



rule 15

rule 2620

rule 2720

rule 3011

rule 3042

rule 4202

rule 4203
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3.6.3.1 Defintions of rubi rules used

Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simpla*(x~(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] && NeQ[m, -1]

Int [(C(FL)~((g_)*(Ce_.) + (£_0*(x))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_D*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)“m/(b*xf*g*n*Log[F]))*Logl[l + b*((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*gxn*xLog[F])) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, vl], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x))))"(a_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)“m)*(PolyLogl[2, (-e)*(F~(c*(a +
b*x))) “nl/(b*c*nxLog[F]1)), x] + Simp[g*(m/(b*c*n*Log[F1)) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"°nl, x], x] /; FreeQ[{F, a, b, c, e
» £, g, n}, x] & GtQ[m, 0]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*I Int[(c + d*x) m*(E~(2%I*(
e + fxx))/(1 + E~(2*I*(e + f*x)))), x]1, x] /; FreeQ[{c, 4, e, f}, x] && IGt
Q[m, 0]

Int[((c_.) + (@_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symb
ol] :> Simp[b*(c + d*x) m*((b*Tan[e + f*x])~(n - 1)/(fx(n - 1))), x] + (-Si
mp [b*d* (m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(bxTan[e + £*x])"(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) "m*(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Q{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

36. [ztan®(a+ bz)dz
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ruk37143‘Int[PolyLog[n_, (c_d*((a_.) + (b_)*(x_))"(p_.21/C(d_.) + (e_.)*(x.)), x_S

‘ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d

» €, n, p}, x] & EqQ[b*d, a*e]

3.6.4 Maple [A] (verified)

Time = 0.63 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.36

method | result

4 2iz3 2iz3 + 6ia’x 4ia® + 32* ln(e2i(bz+a)+1) iz Li2(_e2i(bz+a)) 3 Lig (_e2i(bz+a))

b2 b3

3 T
risch —T Tr@tetas) T b 5 b

2b%

input Lint (x~3*tan(b*x+a)~2,x,method=_ RETURNVERBOSE)

output \ -1/4*x"4+2xI*x"3/b/ (exp (2*I* (bkx+a) ) +1) -2*I/b*x~3+6*I/b"3%a"2*x+4*I/b 4*a”

‘3+3*x”2*1n(exp(2*1*(b*x+a))+1)/b“2—3*I*x*polylog(2,-exp(2*I*(b*x+a)))/b”3+
L3/2*polylog(3,-exp(2*I*(b*x+a)))/b‘4-6/b“4*a“2*1n(exp(I*(b*x+a)))

3.6.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 225 vs. 2(83) = 166.

Time = 0.26 (sec) , antiderivative size = 225, normalized size of antiderivative = 2.30

/x3 tan®(a + br) dr =

4 4 3 3 ) 2 (i tan(bz+a)—1) 2.2 _ 2(—1 tan(bz+a)—1)
b*z* — 4b°z° tan (br + a) — 6 b°z° log (—m> — 6b°z° log < tan(bmt o) 1

) — 6ibzLiy (

inputLintegrate(x“3*tan(b*x+a)“2,x, algorithm="fricas")

output

-1/4%(b~4*x"4 - 4*b~3*x"3*tan(b*x + a) - 6*%b~2*x"2*log(-2*(I*tan(b*x + a)

- 1)/(tan(b*x + a)~2 + 1)) - 6*%b~2*x"2*log(-2*(-I*tan(b*x + a) - 1)/(tan(b
*x + a)”2 + 1)) - 6*%I*b*x*dilog(2*(Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1
) + 1) + 6xIxb*x*dilog(2x(-I*tan(b*x + a) - 1)/(tan(b*x + a)”2 + 1) + 1) -
3*polylog(3, (tan(b*x + a)~2 + 2xIxtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)
) - 3xpolylog(3, (tan(b*x + a)~2 - 2*Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 +
1)))/b"4

36. [ztan®(a+ bz)dz
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3.6.6 Sympy [F]

/x3 tan®(a + br) dr = /a:3 tan’ (a + bz) dz

~—

p
inputLintegrate(x**3*tan(b*x+a)**2,x)

output’Integral(x**S*tan(a + bkx)**2, x) J

3.6.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 639 vs. 2(83) = 166.

Time = 0.40 (sec) , antiderivative size = 639, normalized size of antiderivative = 6.52

/ z® tan®(a + bx) dz

3 ((b:t+a)2 cos(2 bz+2 a) 2+ (bz+a)? sin(2 bz+2 a)2+2 (bz+a)? cos(2 bz +2 a)+(bz+a)?— (COS(2 bz+2 ¢
cos(2bx+2 a)’

2 (br + a — tan (bz + a))a® —

inputLintegrate(x‘3*tan(b*x+a)‘2,x, algorithm="maxima") J

output | 1/2*%(2*x(b*xx + a - tan(b*x + a))*a~3 - 3*x((b*x + a)“ 2*cos(2*b*x + 2*a)~2 +

(b*x + a) " 2*sin(2*b*x + 2*a)”~2 + 2x(b*x + a) " 2*cos(2*b*x + 2*a) + (b*x + a
)72 - (cos(2%b*x + 2%a)”2 + sin(2*b*x + 2%a) "2 + 2*cos(2xbxx + 2*a) + 1)*1
og(cos(2xb*x + 2¥a)~2 + sin(2xb*x + 2*%a)~2 + 2%cos(2¥b*x + 2xa) + 1) - 4x*(
b*x + a)*sin(2*bkxx + 2*a))*a~2/(cos(2*b*x + 2*a)”~2 + sin(2xbxx + 2*a)~2 +
2%cos (2%bkx + 2%a) + 1) + 2x(I*(b*x + a)~4 - 4*xIx(bxx + a) 3*a + 12x((b*x
+ a)”2 - 2%(b*x + a)*a + ((b*x + a)~2 - 2x(b*x + a)*a)*cos(kb*x + 2*a) -

(-Ix(b*xx + a)~2 + 2%I*(b*x + a)*a)*sin(2%b*x + 2%a))*arctan2(sin(2*b*x + 2
*a), cos(2*b*x + 2*%a) + 1) + (I*(b*x + a)~4 - 4*x(bxx + a)~3x(I*xa + 2) + 24
*(bxx + a) " 2*a)*cos(2*b*x + 2%a) - 12x(bxx*cos(2*b*x + 2+%a) + Ixbxx*sin(2*
b*x + 2*%a) + b*x)*dilog(-e~ (2*I*b*x + 2*%I*a)) — 6% (I*x(b*x + a)~2 - 2*I*(bx
x + a)*a + (I*(b*x + a)~2 - 2xI*x(b*x + a)*a)*cos(2xbxx + 2*a) - ((b*x + a)
2 - 2x(b*x + a)*a)*sin(2%b*x + 2+%a))*log(cos(2xb*x + 2*a)~2 + sin(2xbxx +
2%a)~2 + 2xcos(2xb*x + 2*a) + 1) - 6% (I*cos(2¥bxx + 2*a) - sin(2¥bxx + 2%
a) + I)*polylog(3, -e~(2*Ixb*x + 2*I*a)) - ((bxx + a)~4 - 4x(b*x + a)~3*(a

- 2%I) - 24*I*x(b*x + a)~2*a)*sin(2*b*x + 2+%a))/(-4*I*cos(2*b*x + 2%a) + 4
*sin(2xbxx + 2*a) - 4*I))/b"4

36. [ztan®(a+ bz)dz
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3.6.8 Giac [F]

/x3 tan®(a + br) dr = /553 tan (bz + a)® dz

input Lintegrate (x~3*tan(b*x+a) "2,x, algorithm="giac")

output Lintegrate(x‘S*tan(b*x +a)”2, x)

3.6.9 Mupad [F(-1)]
Timed out.

/x3 tan®(a + br) dr = /x3 tan(a + bz)’ dx

input Lint(x“s*tan(a + b*x)~2,x%)

outputtint(x*s*tan(a + b*x)"2, x)

36. [ztan®(a+ bz)dz
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3.7 [ z*tan*(a + bx) dz

3.71 Optimalresult . . . . .. ... . .. . 79]
3.7.2 Mathematica [B] (verified) . . . . . ... ... L L Lo 79
3.7.3 Rubi [A] (verified) . . . . .. ... R0
3.7.4 Maple [A] (verified) . . . ... ... ... ]2
3.7.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... . ]2
3.7.6  Sympy [F] . . . . 83|
3.7.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... R3
3.7.8 Giac [F] . . . o !
3.79 Mupad [F(-1)] . . . o o R

3.7.1 Optimal result

Integrand size = 12, antiderivative size = 73

2 3 2zlog (1 + e¥latto))
2tan’(a + bz) do = ——— — —
/x an”(a + bx) dzx ; — 3t ®
i PolyLog (2, —e?(@*%2)) g2 tan(a + bx)
- 2 * b

output ‘ -I*x"2/b-1/3%x"3+2*x*1n (1+exp (2*I*(b*x+a))) /b~ 2-I*polylog(2,-exp (2*I* (b*x+ ‘
'2)))/b"3+x"2+tan(bkx+a) /b |

3.7.2 Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 160 vs. 2(73) = 146.

Time = 5.05 (sec) , antiderivative size = 160, normalized size of antiderivative = 2.19

/x2 tan®(a + bz) dz — _ac_3 + z? sec(a) sec(a + bx) sin(bx)
3 b

N ibz(m + 2arctan(cot(a))) + 7 log (1 + e~2*®) + 2(bz — arctan(cot(a))) log (1 — e2ib=—arctan(cot(@)))) _

-

input LIntegrate [x"2*Tan[a + b*x]"2,x]

| —

3.7.  [z*tan®(a + bz)dz



output
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-1/3*x"3 + (x"2xSec[a]*Sec[a + b*x]*Sin[b*x])/b + (I*b*xx*(Pi + 2*ArcTan[Co

t[al]l) + PixLogl[1l + E~((-2*I)#*b*x)] + 2*(b*x - ArcTan[Cot[al])*Log[1l - E~(

(2+I)*(bxx - ArcTan[Cot[a]]))] - Pi*Log[Cos[b*x]] + 2*ArcTan[Cot[a]]l*Logl[S

in[b*x - ArcTan[Cot[al]]l] - I*PolyLogl[2, E~((2*I)*(b*x - ArcTan[Cot[al]l))]
+ (b~2xx"2*Sqrt[Csc[a] “2]*Tan[a] ) /E~ (I*ArcTan[Cot[al]))/b~3

3.7.3 Rubi [A] (verified)
Time = 0.44 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.19, number
of steps used = 9, number of rules used = 8, Bumber of rules _  so7 Ryjjes used = {3042,

integrand size
4203, 15, 3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/:c2 tan?(a + bz) dz
| 3042
/ac2 tan(a + bx)%dzx

l 4203

2 2
2 [ztan(a+bz)dz /xde L2 tan(a + bx)
b b
| 15

2 [ztan(a + bz)dz + r?tan(a + br) 3

b b 3
l 3042
2 [ztan(a + br)dz z?tan(a+bz) 23
—_ + —_
b b 3
l 4202
ix2 . 2i(a+bx)
_2<% — 2 [ ¥t d“") + z’tan(a +bz) a°
b b 3
l 2620
iz2 . iflog(1+e2i(“+bw))dz iz log(1+ezi(“+b$))
_2<T_21< 26 B 26 )) +x2tan(a+bx)_£3
b b 3
l 2715

3.7.  [z*tan®(a + bz)dz




input

output

rule 15

rule 2620

rule 2715

rule 2838
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. o . fe—2i(a+ba:) log(1+62i(a+bm))de2i(a+bm) iz 10g(1+62i(a+b‘”))
2<% - 22( 4bh2 - 25 )) + CL'Q tan(a+ b:L‘) $3
| 2838
2 . PolyLog (2,—e%!(+b2)) iz log (1+e2i(a+bo))
2<7 B Z<_ 4 - 25 n z*tan(a 4+ bzx) 2°

-

LInt [x"2*Tan[a + b*x]~2,x]

~—

‘-1/3*x“3 - (2% ((I/2)*x72 - (2¥D)*(((-1/2*I)*x*Log[1 + E~((2*I)*(a + b*x))]
‘)/b - PolyLog[2, -E~((2*I)*(a + b*x))]/(4%¥b~2))))/b + (x"2*Tan[a + b*x])/b

/)

3.7.3.1 Defintions of rubi rules used

Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simp[a*(x~"(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] && NeQ[m, -1]

Int [(C(FL)~((g_)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*f*g*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2

» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

‘Q[u, x]

3.7.  [z*tan®(a + bz)dz
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rule 4202 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol]l :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*xI*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt
Q[m, 0]

rule 4203 | Int[((c_.) + (d_.)*(x_)) " (m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*((b*xTan[e + £*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [bxd* (m/ (£x(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) "m*x(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

3.7.4 Maple [A] (verified)

Time = 0.55 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.48

method | result size
. 3 %2 %2 4 %a2 2z1n eQi(bz+a)+1 i Lig _g2i(bz+a) 4a 1n (ei(bz+a)
risch | =% 4 podiy oy - 22— e 2t Bl T db(e ) ) | 108

~—

input Lint (x~2*tan(b*x+a) ~2,x,method=_RETURNVERBOSE)

.

output \ -1/3%x73+2xI*x"2/b/ (exp (2%I* (b*x+a) ) +1) -2*I/b*x~2-4%I/b~2%axx-2*I/b~3*a”~2+
‘2*x*1n(exp(2*I*(b*x+a))+1)/b‘2—1*polylog(2,—exp(2*I*(b*x+a)))/b‘3+4/b“3*a*
' 1n(exp(I*(b*x+a)))

———

3.7.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 144 vs. 2(62) = 124.

Time = 0.25 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.97

/x2 tan®(a + br) dr =
2 (4 tan(bx+a)—1 2 (—1 tan(bx+a)—1 LT 2 (7 tar
_2b3x3 — 6b%z? tan (bx + a) — 6 b log (—%) — 6bxlog (— (tant(bz(-l—a;;-zl )> — 3i Liy ((tTrl(l
6 b3
inputLintegrate(x*2*tan(b*x+a)“2,x, algorithm="fricas") J

3.7.  [z*tan®(a + bz)dz
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output‘ -1/6%(2*b~3*x"3 - 6*b~2*x"2*xtan(b*x + a) - 6*b*x*log(-2*(I*tan(b*x + a) - ‘
'1)/(tan(b¥x + a)72 + 1)) - 6xb¥xxlog(-2x(-Ixtan(bxx + a) - 1)/(tan(b*x + a |
)72 + 1)) - 3*Ixdilog(2*(I*xtan(b*x + a) - 1)/(tan(b¥x + a)~2 + 1) + 1) + 3
‘*I*dilog(2*(—I*tan(b*x +a) - 1)/(tan(b*x + a)"2 + 1) + 1))/b"3 ‘

3.7.6 Sympy [F]

/x2 tan®(a + bz) dx = /w2 tan® (a + br) dz

input ‘ integrate (x**2*tan (bxx+a)**2,x)

output‘ Integral (x**2*%tan(a + b*x)**2, x) ‘

3.7.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 257 vs. 2(62) = 124.

Time = 0.63 (sec) , antiderivative size = 257, normalized size of antiderivative = 3.52

/m2 tan®(a + bx) dz
_ib%2® + 6 (brcos (2bx + 2a) + ibrsin (2bx + 2a) + bx) arctan (sin (2bx + 2a), cos (2bz +2a) +1) + (

-/

p
input Lintegrate (x~2*tan(b*x+a) "2,x, algorithm="maxima")

output | (I*b~3*x"3 + 6*(b*x*cos(2%b*x + 2*a) + I*b*x*ksin(2%b*x + 2*a) + b*x)*arcta
n2(sin(2*b*x + 2+*a), cos(2xb*x + 2*a) + 1) + (I*b"3*x"3 - 6*b~2*x"2)*cos(2
*b*x + 2xa) - 3x(cos(2¥b*x + 2xa) + I*sin(2xbxx + 2%a) + 1)*dilog(-e~(2*Ix
b*x + 2%I%a)) - 3% (Ixb*x*cos(2%b*x + 2%a) - b*x*sin(2%b*x + 2%a) + I*b*x)*
log(cos(2*b*x + 2*a)~2 + sin(2%bxx + 2%a)~2 + 2xcos(2*b*x + 2*a) + 1) - (b
“3*%x"3 + 6xI*b~2*x"2)*sin(2*b*x + 2*a))/(-3*I*b~3*cos(2*b*x + 2*a) + 3%b~3
*sin (2xbxx + 2*a) - 3*I*b~3)

3.7.  [z*tan®(a + bz)dz
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3.7.8 Giac [F]

/x2 tan®(a + br) dr = /mz tan (bz + a)® dz

inputLintegrate(x“2*tan(b*x+a)‘2,x, algorithm="giac")

output Lintegrate(x‘Z*tan(b*x +a)”2, x)

3.7.9 Mupad [F(-1)]
Timed out.

/x2 tan®(a + br) dr = /x2 tan(a + bz)’ dx

input Lint(x‘?*tan(a + b*x)~2,x%)

outputLint(x“Q*tan(a + b*x)"2, Xx)

3.7.  [z*tan®(a + bz)dz
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3.8 [ ztan®(a + bz) dz

3.8.1 Optimalresult . .. ... ... .. ... 851
3.8.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 85

3.8.3
3.8.4
3.8.5
3.8.6
3.8.7
3.8.8
3.8.9

Rubi [A] (verified)
Maple [A] (verified)

Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)
Maxima [B] (verification not implemented)

Giac [B] (verification not implemented)

Mupad [B] (verification not implemented)

3.8.1 Optimal result

Integrand size = 10, antiderivative size = 30

/xtanQ(a—i- bx) dx = 5

2

i log(cos(a + b)) 4 ztan(a + bx)

b? b

-

output L—1/2*x"2+1n (cos(b*x+a)) /b~ 2+x*tan (b*x+a) /b

~—

3.8.2

Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.43

/xta,n2(a+ bx) dx = —%

2

+ log(cos(a + bz)) N

z sec(a) sec(a + bx) sin(bx)

z tan(a)

b2

b

b

-

input LIntegrate [x*Tan[a + b*x]"2,x]

-/

output‘ -1/2*x~2 + Logl[Cos[a + b*x]]/b~2 + (x*Sec[al*Sec[a + b*x]*Sin[b*x])/b + (x
L*Tan[a])/b

~

3.8.

[ ztan®(a + bz) dz
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3.8.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 554 Ryles used = {3042,

integrand size
4203, 15, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/x tan®(a + bz) d
| 3042
/x tan(a + bx)%dz
| 4208
_ Jtan(a +bz)dz /xdm N z tan(a + br)
b b
| 15

_ [ tan(a + bz)dz N ztan(a +bx) z°

b b 2

| 3042
[tan(a+bz)dz ztan(a+bz) z?
— + _
b b 2

| 3956

log(cos(a + bz)) xtan(a+bx) a2
b? Ty T2

input LInt [x*Tan[a + b*x]"2,x]

outputt—1/2*x‘2 + Logl[Cos[a + b*x]]1/b~2 + (x*Tan[a + b*x])/b

38. [ztan®(a+ bz)dzx



rule 15

rule 3042

rule 3956

rule 4203
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3.8.3.1 Defintions of rubi rules used

Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simpla*(x~(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] && NeQ[m, -1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]11/d, x] /; FreeQl{c, d}, x]

Int[((c_.) + (d_.)*(x_)) " (m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) “m*((b*Tan[e + f*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [b*d* (m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(bxTan[e + £*x])"(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) mx(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

3.8.4 Maple [A] (verified)

Time = 0.46 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.13

method result Size
norman w - % _ w 34
parallelrisch | — 2% =% tan(bx+“)2’;)jln(1+tan2 (bs+a)) 35
default —z2—2 + (bz+a) tan(ba"f‘ﬂf«)-i'ln(zgs(bac-l—a))—azt',a,n(b:c-i-a) 40
risch _902_2 — 2z _ dia e z?ffa)ﬂ) ln(e2i(b:2+a)+1) 57

input Lint (x*tan (b*x+a) ~2,x,method=_RETURNVERBOSE)

output Lx*tan (b*x+a) /b-1/2%x"2-1/2/b"2*1n(1+tan(b*x+a) ~2)

38. [ztan®(a+ bz)dzx
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3.8.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.27

2 .2 "
b’z — 2bz tan (bz + a) — log (W)
262

/xtanQ(a + bx)dr = —

input‘integrate(x*tan(b*x+a)“2,x, algorithm="fricas") ‘

-

outputt-1/2*(b“2*x“2 - 2xb*x*tan(b*x + a) - log(1l/(tan(b*x + a)~2 + 1)))/b"2

| —

3.8.6 Sympy [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.37

z2 | ztan(atbz) log (tan? (a+bz)+1)
-5+ - forb #0
/ rtan®(a + bx) dzx = 2 b 22 7

2 2
o’ tan” (a) otherwise

input ‘ integrate (x*tan(bxx+a) **2,x) ‘

p
output‘Piecewise((-x**2/2 + xxtan(a + b*x)/b - log(tan(a + b*x)**2 + 1)/(2*b**2),
| Ne(b, 0)), (x+*2xtan(a)**2/2, True)) |

3.8.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 214 vs. 2(28) = 56.

Time = 0.52 (sec) , antiderivative size = 214, normalized size of antiderivative = 7.13

/m tan®(a + bz) dz

(bz+a)? cos(2bz+2 a)?+(bz+a)? sin(2 bz+2 a) 242 (bz+a)? cos(2 bx+2 a)+(br+a)?— (cos(2 bz+2a)%+
cos(2 bx+2 a)?+si
22

2 (bx + a — tan (bx + a))a —

38. [ztan®(a+ bz)dzx
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input‘integrate(x*tan(b*x+a)“2,x, algorithm="maxima")

output | 1/2%(2x(b*x + a - tan(b*x + a))*a - ((b*x + a) 2%xcos(2xbxx + 2*a)~2 + (b*x
+ a) "2*sin(2¥b*x + 2*a)”~2 + 2k (b*x + a) 2*xcos(2xbxx + 2*a) + (b*x + a)~2
- (cos(2xb*x + 2*a)~2 + sin(2%b*x + 2*a)”2 + 2*cos(2xb*x + 2*xa) + 1)*log(c
0s(2%b*x + 2*a)”~2 + sin(2*b*x + 2*a)”2 + 2xcos(2xb*x + 2%a) + 1) - 4x(b*x
+ a)*sin(2xb*x + 2*a))/(cos(2xb*x + 2*a) 2 + sin(2*b*x + 2%a)”~2 + 2xcos(2*

b*x + 2xa) + 1))/b"2

3.8.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 162 vs. 2(28) = 56.

Time = 0.60 (sec) , antiderivative size = 162, normalized size of antiderivative = 5.40

/ztan2(a + bx) dx =

4 (tan(bz)? tan(a)?—2 tan(bz) tan(a)+1
bsztan(bx)tan(a)—b2a:2+2bxtan(bx)+2bxtan(a)—log( (tentoa)” tan(a)" 2 ten(o) ()+)>t (

tan(bx)? tan(a)?+tan(bz)?+tan(a)+1

2 (b? tan (bx) tan (a) — b?)

e A
inputLintegrate(x*tan(b*x+a)‘2,x, algorithm="giac") J

output | -1/2%(b~2*x"2*tan(b*x)*tan(a) - b~2*x~2 + 2%b*x*tan(b*x) + 2*b*x*tan(a) -
log(4*(tan(b*xx) "2*tan(a) "2 - 2xtan(b*x)*tan(a) + 1)/(tan(b*x) 2*tan(a)~2 +
tan(b*x)~2 + tan(a)~2 + 1))*tan(b*x)*tan(a) + log(4*(tan(b*x) 2*tan(a)~2
- 2+tan(b*x)*tan(a) + 1)/(tan(b*x)~ 2*tan(a)”2 + tan(b*x)~2 + tan(a)~2 + 1)
))/(b"2*tan(b*x)*tan(a) - b~2)

3.8.9 Mupad [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.17

In(tan(a+bxz)2+1
tan?(a + ba) di = (a(a2 il )—bxtan(a-l—bz) 2
xtan®(a + bx) dx = ® 5
input | int(x*tan(a + b*x)~2,x)
outputt— (log(tan(a + b*x)~2 + 1)/2 - bxx*tan(a + b*x))/b"2 - x72/2 J

38. [ztan®(a+ bz)dzx
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3.9 f tan?(a-+bz) dz

T
3.9.1 Optimalresult . . .. ... ... ... ... .. 90}
3.9.2 Mathematica [N/A] . . . . . . . 90)
3.9.3 Rubi [N/A] . . . . e OT]
3.9.4 Maple [N/A] (verified) . . . . . . ... .. 92
3.9.5 Fricas [N/A] . . . . . 92
3.9.6 Sympy [N/A] . . . 92
3.9.7 Maxima [N/A] . . . . . 93]
3.9.8 Giac [N/A] . . . . . 93
3.99 Mupad [N/A] . . . 93

3.9.1 Optimal result

Integrand size = 12, antiderivative size = 12

/ tan?(a + bx) e — Tnt (tan2 (a + bx) a:)

T T

output LUnintegrable (tan(b*x+a)~2/x,x) J

3.9.2 Mathematica [N/A]

Not integrable

Time = 3.22 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/tan (a + bzx) dac:/tan (a+bzx) d

T T

-

input LIntegrate [Tan[a + b*x]~2/x,x]

| —

output LIntegrate [Tan[a + b*x]~2/x, x] J

39, [ttt gy

T
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3.9.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan?(a + bz) da

Z

J’3042

/ tan(a + bx)? iz

x

l 4222

2
/tan ((;+ bx) dx

input ‘ Int[Tan[a + b*x]~2/x,x]

output ‘ $Aborted

rule 3042

rule 4222

3.9.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)]1"(n_.), x_Symbol] :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)]1, If[MatchQ[e, (el_.) + Pi/2], I”
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - I*f*x]"n, x], I"n*Uninteg
rable[(c + d*x) m*Tanh[(-I)*e - Ix*f*x]"n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1)"n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrable[(c
+ d*x) “m*Tan[e + f*x]~n, x]]], x] /; FreeQ[{c, d, e, f, m, n}, x] && Integ
erQ[n]

39, [ttt gy

T
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3.9.4 Maple [N/A] (verified)

Not integrable

Time = 0.34 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

2
/tan (I;x+a)dx

input Lint (tan(b*x+a)~2/x,x%)

output Lint (tan(b*x+a) "2/x,x%)

3.9.5 Fricas [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ tan?(a + bx) dp — / tan (bz + a)’ i

T T

inputkintegrate(tan(b*x+a)‘2/x,x, algorithm="fricas")

output Lintegral (tan(b*x + a)~2/x, x)

3.9.6 Sympy [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

T T

2 2
/tan (a + bx) dz:/tan (a + bx) s

input Lintegrate (tan(b*x+a)**2/x,%)

output LIntegral(tan(a + b*x)**2/x, Xx)

39. f tan®(atb) 1.

T



input

output
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3.9.7 Maxima [N/A]

Not integrable

Time = 0.96 (sec) , antiderivative size = 243, normalized size of antiderivative = 20.25

T T

/tanQ(a + bx) dp — / tan (bz + a)’ i

Lintegrate(tan(b*x+a)‘2/x,x, algorithm="maxima")

- (bxx*cos(2xb*x + 2*a) 2xlog(x) + b*x*log(x)*sin(2*bxx + 2*a)~2 + 2¥b*x*co
s(2xbxx + 2*a)*log(x) + b*x*log(x) - 2%(b~2*x*kcos(2*b*x + 2%a)~2 + b~2*x*s
in(2%b*x + 2%a)”2 + 2¥b~2*x*cos(2*b*x + 2¥a) + b~2*x)*integrate(sin(2*b*x
+ 2%a)/(b~2*x"2*cos(2*b*x + 2*a)~2 + b"2*x"2*sin(2*b*x + 2%a)”~2 + 2xb~2*x"
2%cos(2%b*x + 2%a) + b~2%x72), x) - 2*sin(2xb*x + 2%a))/(b*x*cos(2xb*x + 2
*a) "2 + b*x*sin(2xb*x + 2%a)”2 + 2xbkx*cos(2¥bxx + 2*a) + b*x)

3.9.8 Giac [N/A]
Not integrable

Time = 0.63 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/tan (c;-i— bx) dx=/tan(bi+a) i

inputLintegrate(tan(b*x+a)“2/x,x, algorithm="giac")

output Lintegrate(tan(b*x + a)~2/x, x)

3.9.9 Mupad [N/A]
Not integrable

Time = 3.57 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

T T

/tan2(a + bx) dp — / tan(a + bz)? i

39, [ttt gy

T
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inputtint(tan(a + b*x)~2/x,%)

outputtint(tan(a + b*x)~2/x, x)

3.9. szgﬂﬁiﬁﬁdm

T
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3.10 [ et gy

xz

3.10.1 Optimalresult . . .. .. .. . . ... .. 951

3.10.2 Mathematica [N/A] . . . . . . . . 951

3.10.3 Rubi [N/A] . . . .o 06

3.10.4 Maple [N/A] (verified) . . . . . . . ... . 97

3.10.5 Fricas [N/A] . . . . o 97

3.10.6 Sympy [N/A] . . . . 9T

3.10.7 Maxima [N/A] . . . . . .

3.10.8 Giac [N/A] . . . . o o

3.10.9 Mupad [N/A] . . . o

3.10.1 Optimal result

Integrand size = 12, antiderivative size = 12

2 2
/ tan (a2—|— bx) e — Tnt (tan (a;— bx) ’ a:)
x T

outputLUnintegrable(tan(b*x+a)“2/x”2,x) J

3.10.2 Mathematica [N/A]

Not integrable

Time = 2.44 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

x2 x2

2 2
/tan (a + bzx) dac:/tan (a+bzx) d

-

inputtlntegrate[Tan[a + b*x]"2/x72,x]

| —

outputtlntegrate[Tan[a + b*x]"2/x72, x] J

3.10. [ leiletbe) g,
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3.10.3 Rubi [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2
/ tan (a2+ bx) da
x

| 3042
2
/tan(a—l—bx) iz

CE2
l 4222

2
/ tan (a2+ bx) dx
x

input ‘ Int[Tan[a + b*x]~2/x72,x]

output ‘ $Aborted

rule 3042

rule 4222

3.10.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)]1"(n_.), x_Symbol] :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)]1, If[MatchQ[e, (el_.) + Pi/2], I”
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - I*f*x]"n, x], I"n*Uninteg
rable[(c + d*x) m*Tanh[(-I)*e - Ix*f*x]"n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1)"n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrable[(c
+ d*x) “m*Tan[e + f*x]~n, x]]], x] /; FreeQ[{c, d, e, f, m, n}, x] && Integ
erQ[n]

3.10. [ teni(erbo) gp

2
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3.10.4 Maple [N/A] (verified)

Not integrable

Time = 0.31 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ tan? (bz + a) i

x2

input ‘ int (tan(b*x+a)~2/x72,x)

output Lint (tan(b*x+a)~2/x"2,x%)

3.10.5 Fricas [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ tan?(a + bx) dp — / tan (bz + a)’ i

2 x2

inputtintegrate(tan(b*x+a)‘2/x‘2,x, algorithm="fricas")

output Lintegral(tan(b*x + a)~2/x72, x)

3.10.6 Sympy [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

T2 z2

/tanz(a + bx) dp — / tan? (a + bx) i

input Lintegrate (tan (b*x+a) **2/x**2,x)

output LIntegral(tan(a + b¥x)**2/x*%*2, x)

3.10. [ teni(erbo) gp

2
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3.10.7 Maxima [N/A]

Not integrable

Time = 0.45 (sec) , antiderivative size = 250, normalized size of antiderivative = 20.83

/tanQ(a + bx) dp — / tan (bz + a)’ i

2 2

inputLintegrate(tan(b*x+a)‘2/x‘2,x, algorithm="maxima")

output | (b*x*cos(2xb*x + 2%a)”~2 + b*x*sin(2*b*x + 2*a)” 2 + 2xbxx*cos(2*bxx + 2*a)

+ b*x + 4% (b"2%x"2*cos(2xb*x + 2%a) "2 + b 2*x"2*sin(2*b*x + 2%a) "2 + 2*b"2
*x"2%cos(2¥b*x + 2¥a) + b~2*x"2)*integrate(sin(2*b*x + 2*a)/(b~2*x"3*cos(2
*b*x + 2%a) "2 + b 2*x"3*sin(2xbxx + 2*a) "2 + 2%b"2*x"3xcos(2xbxx + 2*a) +

b~2*x73), x) + 2*sin(2*b*x + 2*a))/(b*x"2%cos(2xb*x + 2*a)~2 + b*x~2*sin(2
*b*x + 2%a) "2 + 2*b*x"2%cos(2xb*x + 2*a) + b*x"2)

3.10.8 Giac [N/A]

Not integrable

Time = 0.67 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 x2

/tanQ(a + bzx) dp — / tan (bz + a)’ e

inputLintegrate(tan(b*x+a)“2/x“2,x, algorithm="giac")

output Lintegrate(tan(b*x + a)~2/x72, x)

3.10.9 Mupad [N/A]

Not integrable

Time = 2.93 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/tan2(a + bx) dp — / tan(a + bz)? i

2 2

3.10. [ teni(erbo) gp

2
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input Lint(tan(a + b*x)~2/x72,x)

output Lint(tan(a + b*x)"2/x"2, x)

3.10. [ teni(erbo) gp

2



output
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3.11 [ 2’ tan’(a + bz) dx

3.11.1 Optimalresult . . . . . . .. . ... 100l
3.11.2 Mathematica [A] (verified) . . . . . . . . ... ... L oo 1071
3.11.3 Rubi [A] (verified) . . . . . . .. .. 1071
3.11.4 Maple [A] (verified) . . . . .. . . ... 107
3.11.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... .. 107
3116 Sympy [F] - v o o v oo e 108
3.11.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 108}
3.11.8 Giac [F] . . . o o 109
3.11.9 Mupad [F(-1)] . . . . o o 110

3.11.1 Optimal result

Integrand size = 12, antiderivative size = 205

3., 3 3iz>  2® ozt 3wlog (1 + e%(atto))
/x tan(a+bx)dx:2—b2+2_b_T_ 3
3 log (1 + ezi(a+bx)) 3i PolyLog (2, _ eQi(a+bx))
* b + 2pd
_ 3iz® PolyLog (2, —eZilatbn)) N 3z PolyLog (3, —e2(e+))
2b? 203
3i PolyLog (4, —¥(@+%))  3p2tan(a 4 bx) = z°tan®(a + bx)
* 4b* B 2b2 2

3/2xI%x"2/b"2+1/2*%x"3/b-1/4*I*x~4-3*x*1n(1+exp (2*I* (b*x+a))) /b~ 3+x"3*1n(1+
exp (2+xI* (bxx+a))) /b+3/2*Ixpolylog(2,-exp (2*xI* (bxx+a)))/b~4-3/2xI*x"2*polyl
og(2,-exp(2*I*(bxx+a)))/b~2+3/2*x*polylog(3,-exp(2*I* (b*x+a))) /b~3+3/4*I*p
olylog(4,-exp(2*I*(b*x+a)))/b~4-3/2xx"2*tan(b*x+a) /b~2+1/2*x"3*tan (b*x+a) ~
2/b

311.  [z*tan’(a+ bz)dz
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3.11.2 Mathematica [A] (verified)

Time = 6.54 (sec) , antiderivative size = 370, normalized size of antiderivative = 1.80

/ z® tan®(a + bz) dz

e (2b*e ezt — 4ib®(1 4 e7%*) 13 log (1 + e~ 2(+2)) + 6b%(1 + e~%*) 22 PolyLog (2, —e~2(@)) — 6ib
B 8b*

z3 sec’(a + bx)

2b
3CSC(CI,) <b26—iarctan(cot(a))l.2 . cot(a) (ibx(—m—2arctan(cot(a)))—m log(1+e~212) —2(bz—arctan(cot(a))) log(

1—e2i(bz—arctan(co

vV
2b%/csc2(a) (cos?(a) +

3z%sec(a)sec(a + br)sin(bz) 1 ,
- op? 4 tan(a)

;
input | Integrate[x~3*Tan[a + b*x]~3,x]

output | ((I/8)*E~(I*a)*((2%b~4*x~4) /E~((2*I)*a) - (4*I)*b~3*(1 + E~((-2%I)*a))*x"3
*Log[1l + ET((-2xI)*(a + bxx))] + 6*%b"2%(1 + E~((-2xI)*a))*x"2*PolyLogl[2, -
ET((-2%I)*(a + b*x))] - (6*%I)*b*(1 + E~((-2xI)*a))*x*PolyLog[3, -E~((-2%I)
x(a + b*x))] - 3*x(1 + E"((-2%I)*a))*PolyLogl[4, -E~((-2*I)*(a + b*x))])*Sec
[al)/b"4 + (x"3*Sec[a + b*x]~2)/(2xb) - (3*Csc[al*((b~2%x~2)/E~(I*ArcTan[C
ot[al]l) - (Cot[a]l*(Ixbxx*(-Pi - 2*ArcTan[Cot[a]]) - Pix*Log[l + E~((-2*I)*b
*x)] - 2%(b*x - ArcTan[Cot[al]l)*Logl[l - E~((2*I)*(b*x - ArcTan[Cot[all))]
+ Pi*Log[Cos[b*x]] - 2*ArcTan[Cot[al]l*Log[Sin[b*x - ArcTan[Cot[al]l]] + IxP
olyLog[2, E~((2*I)*(b*x - ArcTan[Cot[all))]))/Sqrt[1 + Cot[a]l~2])*Sec[al)/
(2%b~4*3qrt [Csc[a] 2% (Cos[a] "2 + Sin[a]~2)]) - (3*x"2xSec[al*Sec[a + bx*x]*
Sin[b*x])/(2%b~2) - (x"4%*Tan[a])/4

3.11.3 Rubi [A] (verified)

Time = 1.30 (sec) , antiderivative size = 245, normalized size of antiderivative = 1.20,

number of steps used = 17, number of rules used = 16, Lumber of rules _ 1.333, Rules
integrand size

used = {3042, 4203, 3042, 4202, 2620, 3011, 4203, 15, 3042, 4202, 2620, 2715, 2838, 7163,
2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

311.  [z*tan’(a+ bz)dz
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/ z3tan®(a + bz) dz
| 3042
/a:3 tan(a + br)3dz
| 4203
24,2 3102
—/w3tan(a+bx)daz— 3 [ z*tan?(a + bz)dz L2 tan?(a + bx)
2b 2b
| 3042
24 bz)?d 3 tan?
_/m3tan(a—|—bm)dx— 3 <" tan(a + be)de | o tan’(a + bo)
2b 2b
| 4202
2_/ e2ilatbe) 3 3 [z?tan(a + bz)2dz N 2’ tan®(a + bz)  ia?
1+ e2ilatbn) 2 2 1
| 2620
3 [ z? tan(a + bz)?dz [ 3i[z?log (1+ eQi(a+bw)) dr  iz*log (1+ e%(a-ﬁ-bx))
- + 2 - +
2b 2b 2b
z3 tan?(a + br) 3 @
2b 4
| 3011
. [ iz? PolyLog(2,—e?!(a+b2) i [z PolyLog(2,—e2i(atb2))q .
y 31(” oly og(2b e ) _ i[zPoly og(b e ) x) i:c3log (1+621(a+bx))
' 2 2
3 [ z? tan(a + bz)?dz 4 23 tan®(a + bx)  ia?
2b 2b 4
| 4203

. (iz? PolyLog(2,—€?(*%2)) [z PolyLog(2,—e*(*+**))dy ‘
9 32( (2b ) (b ) ) iz3log (1 + e%(a+to))
' 2b 2%

2 [ ztan(a+bz)dz 2 z2 tan(a+bx)
3<_ b — [2%dz + =5 ) z3 tan?(a + bx) @

2b 2b 4

| 15

311.  [z*tan’(a+ bz)dz



CHAPTER 3. LISTING OF INTEGRALS 103

. (iz? PolyLog (2,—e2i(a+bz) i [ z PolyLog(2,—e2i(a+b2)) dg .
o; 3’( (2b L4 (b ) ) iz®log (1 + 621(““””))
’ 2 2
2 [ z tan(a+bx)dz 22 tan(a+bx) 3
3<_ b + b B %> 23 tan®(a + bx)  ia*
2b 2b 4
l 3042
. ( iz? PolyLog (2,—¢?(a+b2) i [ z PolyLog(2,—e?"(¢+%2)) dy )
” 37;( (2b ) _ ( = ) ) 7,.'173 log (1 _|_ e2z(a+bx))
’ 2 2
2 [ ztan(a+bz)dz z2 tan(a+bx) 3
3(‘ b + b - %) z3tan?(a + bx) @
2b 2b 4
l 4202
. ( iz PolyLog (2,—e?!(+b) i [ z PolyLog(2,—e?!(¢+02)) dg )
o; 3Z( (2b il (b ) ) iz3 log (1 + e(atba))
’ 2 2
iz2 . e2i(a+bz)w
2 (7_21 / de> z? tan(a+bzx) 3
3| - b + b 3
z3tan?(a + br) @
2b 2b 4
l 2620
e PolyLog 2’_e2i(a+bZ) ifwPolyLog 2’_62i(a+bx) dx )
o; 37’( (2b ) - (b ) ) iz3 log (1 + e2(atba))
’ 2 2
9 ix2 % if 10g(1+62i(a’+bx))dz iz log(1+62i(a+bx))
3 N 2b - > 22 tan(a+bx) 3
- 5 + -3
z3 tan?(a + bx) @
2b 2b 4
l 2715
e—2i(at+bz) e2i(a+bz)) g 2i(atbz) ;o0 ¢2i(a+bx)
2<m22_2i<f ! g(lzlﬂ D)t i g(H_2b - ))> 2 tan(a+bx) 3
z* tan(a+bx
3|~ b + b -3
a 2b *
. (iz? PolyLog (2,—e*(a+tv) i [ « PolyLog(2,—e?!(a+b2) ) dg .
N 32( (2b ) _if (b ) ) i3 log (1 + e2ilertta) N
1 _

2b 2b

z3tan?(a +bz) izt

2b 4

311.  [z*tan’(a+ bz)dz
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| 2838
. (iz? PolyLog (2,—e%(a+b2)) i [ @ PolyLog(2,—€?!(a+b2)) dg .
0; 3Z( 2b - A ) ix3 log (1 + e2z(a+bx))
Z - —
2b 2%
) (iw2_2i <_ polyLog(2,_;2i(a+bz)) _izlog(14e2i(atbe)) ))
31 — ’ * 2 + 22 tan(a+bzx) 8
b b 3
z3tan?(a + bz) izt
2b 2b 4
| 7163
(i I PolyLog(3,—¢21(a+52) )z iz PolyLog(3,—e2i(a+ba))
iz? PolyLog (2,—e2!(a+b2)) ¢ 2b - 25
3 % - 5
% i3 log (1 + e2z(a+bx))
Z - —
2b 2
) (”2—21' <_ PolyLog (2,—2i(a+b2)) iz log (1-+¢2i(a-+b2)) ))
3| _ 2 4b2 2b n 2 tan(a+bz) o8
b b 3
z3tan?(a + bx) izt
2b 2b 4
| 2720
([ em2i(atb2) poiyTog (3’_e2i(a+bw))d62i(a+bz) iz PolyLog (3’_e2i(a+bz))
g; [ i2* PolyLog(2,—e?e+t=)) ¢ 2 - 55
Y3 —
2b 5
24 iz log (1 + 2
z —_—
2b %
2 ¢—2i <_ POlyLOE(Qy—Ezi(a+bm)) _ iz log(1+52i(a+b1’))
NE 2 22 25 " o tan(a+bz) o3
b b 3
z3tan?(a + bx) izt
2b 2b 4

l 7143

311.  [z*tan’(a+ bz)dz
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iz PolyLog (2,—32i(a+bw)) ¢ < 4b2 25

PolyLog(4,—¢2H(352)) iz PolyLog (3, —e2i(a+b2)) >
3 2b b

9 iz3 log (1 + %(a+to))
i _

2b 2b

of iz _o( PolyLog(Z—;%(“"’bm)) iz log(1+e2i(a+bw))
: ° » + z?tan(a+bz) &3

T
3 - b b 3

x3tan2(a—kbm)__ézf
2b 2b 4

e

inputtlnt[x‘3*Tan[a + b*x]~3,x]

~—

output  (-1/4*I)*x~4 + (2*xI)*(((-1/2*I)*x"3*Log[l + E~((2*I)*(a + b*x))]1)/b + (((3
*1)/2)*(((1/2)*x~2*PolyLog[2, -E~((2*I)*(a + b*x))1)/b - (I*(((-1/2%I)*x*P
olyLog[3, -E~((2*I)*(a + b*x))]1)/b + PolyLogl[4, -E~((2*I)*(a + b*x))]/(4xb
~2)))/1))/b) + (x~3*Tan[a + b*x]~2)/(2*%b) - (3*(-1/3*x"3 - (2% ((I/2)*x"2 -

(2+¢I)*(((-1/2%I)*x*Log[1 + E~((2*I)*(a + b*x))])/b - PolyLog[2, -E~((2*I)
*(a + b*x))]1/(4%¥b72)))) /b + (x72*Tan[a + b*x])/b))/(2%b)

3.11.3.1 Defintions of rubi rules used

ruka15/Int[(a_.)*(x_)‘(m_.), x_Symbol] :> Simp[a*x(x"(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] && NeQ[m, -1]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_)*x)N)"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 Int[Logl(a_) + (b_.)*x((F))~((e_.)*((c_.) + (d_.)*(x_)))"(n_.)], x_Symbol] |
‘:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*(c + d*x)
)nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0] |

311.  [z*tan’(a+ bz)dz
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rule 2720 | Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

ruka2838/Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcx*d, 1]

rule 3011| Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)1*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4202 Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E™(2*I*(
e + f*x))/(1 + E-(2xI*(e + f*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt
Q[m, 0]

rule 4203 Int[((c_.) + (d_.)*(x_)) " (m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) “m*((b*Tan[e + f*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [b*d* (m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(bxTan[e + £*x])"(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) mx(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

rule 7143 | Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))~(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

311.  [z*tan’(a+ bz)dz
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rule 7163 Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))"pl/ (bxcxp*xLog[F1)), x] - Simp[f*(m/(b*c*p*Log[F]l)) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, 0]

3.11.4 Maple [A] (verified)

Time = 0.36 (sec) , antiderivative size = 251, normalized size of antiderivative = 1.22

method | result

3i Lis (_e2i(bz+a)) 2 (2bZ e?i(bz+a) _3ie2i(bz+a) _31)
264 b2 (e2i(bz+a)_|_1) 2

+ 3ix2 _ @ + 3iLi4(—e2i(bz+a)) _ 3iat _ 3iz? Lig(—e%(l’””‘H
b2 4 4b4 2v4 2b2

risch

input‘int(x”3*tan(b*x+a)“3,x,method=_RETURNVERBOSE) ‘

output | 3/2*%I*polylog(2,-exp(2*I*(b*x+a)))/b~4+x"2% (2*b*x*exp (2*I* (b*x+a))-3*I*exp
(2%I*(b*x+a))-3*I)/b~2/(exp(2*I*(b*x+a))+1) "2+3*I/b~2%x"2-1/4*I*x"4+3/4*I*
polylog(4,-exp(2*I*(b*x+a)))/b~4-3/2%I1/b~4*a~4-3/2%I*x"2*polylog(2,—-exp (2
Ix(bxx+a)))/b"2+6+I/b"3*a*xx-2*I1/b~3*a"3*x-6/b"4*a*1ln(exp(I*(b*x+a)))+2/b"4
*a~3*1n (exp (I* (b*x+a)))+3*I/b~4*a~2+x"3*1n(exp (2*I* (b*x+a))+1) /b+3/2*x*pol
ylog(3,-exp (2*I*(b*x+a)))/b~3-3*x*1n(exp(2*I*(b*x+a))+1)/b~3

3.11.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 344 vs. 2(163) = 326.

Time = 0.27 (sec) , antiderivative size = 344, normalized size of antiderivative = 1.68

/ 2 tan®(a + bz) dz

46323 tan (bx + a)® + 46323 — 12222 tan (bx + a) + 6 bzpolylog (3, tan(bm:fgji;?;ff +a)_1) + 6 bzpolylc

inputtintegrate(x‘3*tan(b*x+a)‘3,x, algorithm="fricas") J

311.  [z*tan’(a+ bz)dz
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output | 1/8*(4%b~3*x"3*tan(b*x + a)~2 + 4*b~3%x~3 - 12*%b~2*x"2*tan(b*x + a) + 6*bx*
xxpolylog(3, (tan(b*x + a)~2 + 2xIxtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1))
+ 6*bxx*polylog(3, (tan(b*x + a)~2 - 2xIxtan(b*x + a) - 1)/(tan(b*x + a)~
2 + 1)) - 6x(-I*¥b"2*x"2 + I)*dilog(2*(I*tan(b*x + a) - 1)/(tan(b*x + a)~2

+ 1) + 1) - 6x(I*b"2*%x"2 - I)*dilog(2*(-I*tan(b*x + a) - 1)/(tan(b*x + a)~
2+ 1) + 1) + 4x(b"3%x"3 - 3%bx*x)*log(-2*(I*tan(b*x + a) - 1)/(tan(b*x + a
)72 + 1)) + 4x(b~3*x"3 - 3xbxx)*log(-2x(-I*tan(b*x + a) - 1)/(tan(b*x + a)
“2 + 1)) - 3*I*polylog(4, (tan(b*x + a)~2 + 2xIxtan(b*x + a) - 1)/(tan(b*x
+ a)”2 + 1)) + 3xI*polylog(4, (tan(b*x + a)~2 - 2xI*xtan(b*x + a) - 1)/(ta
n(b*x + a)"2 + 1))) /b4

3.11.6 Sympy [F]

/x3 tan®(a + br) dr = /a:3 tan® (a + bz) dz

-

inputLintegrate(x**S*tan(b*x+a)**S,X)

|

output LIntegral(x**S*tan(a + bx)**3, x)

~—

3.11.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1205 vs. 2(163) = 326.

Time = 0.47 (sec) , antiderivative size = 1205, normalized size of antiderivative = 5.88

/ 2% tan®(a + bx) dr = Too large to display

p
inputLintegrate(x‘3*tan(b*x+a)‘3,x, algorithm="maxima")

~—

311.  [z*tan’(a+ bz)dz
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1/2%(a~3*(1/(sin(b*x + a)~2 - 1) - log(sin(b*x + a)~2 - 1)) - 2% (3*(b*x +
a)~4 - 12x(b*x + a)“ " 3*a + 18x(b*x + a) 2*xa”~2 + 36*a"2 - 4*%(4x(b*x + a)~3 -
9% (b*x + a)"2xa + 9*(a”"2 - 1)*(b*x + a) + (4x(bxx + a)~3 - 9*(b*x + a) 2%
a + 9*%(a”2 - 1)*(bxx + a) + 9%a)*cos(4xbxx + 4*xa) + 2x(4*x(b*x + a)~3 - 9%(
bxx + a)”"2*a + 9%(a”2 - 1)*(b*x + a) + 9*a)*cos(2¥b*x + 2*a) - (-4*xI*x(b*x
+ a)”3 + 9xIx(b*x + a) 2*xa + 9x(-I*a~2 + I)*(b*x + a) - 9*kI*a)*sin(4xb*x +
4xa) - 2%(-4xI*(b*x + a)~3 + 9xIx(b*x + a) 2%a + 9*x(-I*xa~2 + I)*x(b*x + a)
- OxIxa)*sin(2*bxx + 2%a) + 9*a)*arctan2(sin(2xbxx + 2%a), cos(2*b*x + 2%
a) + 1) + 3x((b*x + a)"4 - 4*(b*x + a)~3*a + 6*%(a"2 - 2)*(b*x + a)~2 + 24x
(b*x + a)*a)*cos(4xb*x + 4*a) + 6x((b*x + a)~4 - 4*x(b*x + a)~3x(a - I) + 6
*(a”2 - 2%I*a - 1)*x(b*x + a)~2 + 12%(I*a"2 + a)*(b*x + a) + 6%a~2)*cos(2*b
*x + 2%a) + 6%(4x(b*x + a)~2 - 6%x(b*x + a)*a + 3*a”2 + (4*(b*x + a)~2 - 6%
(b*xx + a)*a + 3*a”™2 - 3)*cos(4*xbxx + 4xa) + 2x(4*(b*x + a)~2 - 6x(bxx + a)
*a + 3*%a”2 — 3)*cos(2*b*x + 2%a) + (4xIx(b*x + a)~2 - 6*I*x(b*x + a)*a + 3*
I*a~2 - 3*I)*sin(4*b*x + 4%a) + 2x(4xIx(b*x + a)”2 - 6*I*(b*x + a)*a + 3*I
*a"2 - 3xI)*sin(2%b*x + 2%a) - 3)*dilog(-e~ (2%Ixbxx + 2*I*a)) + 2% (4*xIx(b*
X + a)”3 - 9xI*x(bxx + a) 2*a + 9k (I*a~2 - I)*x(b*x + a) + (4*I*(b*x + a)~3
- 9xI*(b*x + a)~2*a + 9*(I*a~2 - I)*(b*x + a) + 9*xI*a)*cos(4*bxx + 4*a) +
2% (AxIx(bxx + a)~3 - 9*Ix(b*x + a) 2%a + 9*x(I*xa~2 - I)*(b*x + a) + 9xI*a)*
cos(2xb*x + 2xa) - (4x(b*x + a)~3 - 9*x(b*x + a)~2+a + 9*(a”2 - D) x(b*x ...

3.11.8 Giac [F]

/x3 tan®(a + br) dr = /x?’ tan (bz + a)® dz

inputLintegrate(x‘3*tan(b*x+a)‘3,x, algorithm="giac")

-/

outputLintegrate(x‘S*tan(b*x + a)”3, x)

~—

311.  [z*tan’(a+ bz)dz
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3.11.9 Mupad [F(-1)]
Timed out.

/w3 tan®(a + br) dr = /ac3 tan(a + bz)’ dz

input Lint(x‘3*tan(a + b*x)~3,x)

output Lint(x"S*tan(a + b*x)"3, x)

311.  [z*tan’(a+ bz)dz
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3.12 [ z*tan®(a + bx) dz

3.12.1 Optimal result . . . . . . . . . .. 111l
3.12.2 Mathematica [A] (verified) . . . . . . . .. ... .. L o 111
3.12.3 Rubi [A] (verified) . . . . . ... .. 112
3.12.4 Maple [A] (verified) . . . ... . ... .. 115
3.12.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 116
3.12.6 Sympy [F] . . . . . 116
3.12.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 117
3.12.8 Giac [F] . . . . . o 117
3.12.9 Mupad [F(-1)] . . . o o 118

3.12.1 Optimal result

Integrand size = 12, antiderivative size = 128

2 tan® z? _ia®  2%log(1+e*)  log(cos(a + bx))
/x tan(a+bx)dx=2—b—?+ ; _ =
iz PolyLog (2, —e®(@*t2))  PolyLog (3, —e2(@+%2))
B b2 + 23
_ ztan(a + bx) N z? tan?(a + bx)
b? 2b

output ‘ 1/2*%x~2/b-1/3*I*x~3+x"~2*1n (1+exp (2*I* (b*x+a))) /b-1n(cos (b*x+a) ) /b~ 3-I*x*po
‘ lylog(2,-exp (2xI*(b*x+a)))/b~2+1/2*polylog(3,-exp (2*I*(b*x+a)))/b~3-x*tan(
b*x+a) /b~2+1/2%x"2*tan (b*x+a) ~2/b

N\ J

3.12.2 Mathematica [A] (verified)

Time = 2.28 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.34

/ z?tan®(a + bx) dx
_e7(20%% (2ibx + 3(1 + €%) log (1 4 e7#(*T)) ) + 6ib(1 + €**) z PolyLog (2, —e~2(a7)) 4 3(1 + %

input ‘ Integrate[x~2*Tan[a + b*x]~3,x] ‘

3.12.  [z?tan’(a+ bz)dz
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(((2%b~2#x~ 2% ((2*I) *b*x + 3x(1 + E~((2*I)*a))*Logll + E~((-2*I)*(a + b*x))
1) + (6*I)*bx(1 + E~((2*I)*a))*x*PolyLog[2, -E~((-2*I)*(a + b*xx))] + 3*(1
+ E7((2*I)*a))*PolyLog[3, -E~((-2*I)*(a + b*x))])*Sec[al)/E~(I*a) + 6*b~2*
x"2xSec[a + b*x]~2 - 12xb*x*Sec[a]*Sec[a + b*x]*Sin[b*x] - 4%b~3*x"3*Tan[a
] - 12x(Log[Cos[a + b*x]] + b*x*Tan[a]))/(12%b~3)

3.12.3 Rubi [A] (verified)

Time = 0.85 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.16,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size 1.000, Rules

used = {3042, 4203, 3042, 4202, 2620, 3011, 2720, 4203, 15, 3042, 3956, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/:c2 tan®(a + bz) dx
| 3042
/ac2 tan(a + bx)3dzx

l 4203

[xtan®(a+ bz)dz  x?tan®(a + bx)
- b T

l 3042

- /a:2 tan(a + bzr)dx

[ztan(a + bz)?dz  z?tan?(a + bx)
- b T

l_4202

- /xz tan(a + bx)dz

1+ ezi(atbo) dx b % 3
l 2620

22,/ e2ila+be) 5.2 _ Jaztan(a + bx)’dz + z?tan?(a + bx) ix?

b B 2b b

z? tan?(a + bx) B @

2b 3
l 3011

o; (z [ zlog (1+ e%@+b®)) dx  iz2log (1 + eZi(‘“rb””))) [ ztan(a + bz)3dz N
i _

3.12.  [z?tan’(a+ bz)dz
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iz PolyLog (2,—e?(+b2))

__ i [ PolyLog(2,—e*(a+t)) dg

i
2

) iz?log (1 +e2z’(a+bz))

2b 2b
b 2b
Jztan(a +bx)’dx | z’tan’(a+bx) iz?
b 2b 3
l 2720
. ( iz PolyLog 2,—62i(“+bz) e—2i(a+bz) PolyLog 2,—e2i(a+b2)) ge2i(atba) .
2. Z( (2b ) _ f Elb2 ) ) /L-m2 log (1 _|_ e2z(a+bz‘))
' b 2
Jztan(a + bx)?dx | a?tan’(a+bx) ia®
b 2b 3
l 4203
. ( iz PolyLog 2,_e2i(a+bm) fe—2i(a+bm) PolyLog 2’_62i(a+bz) de2i(a+bz) )
’ b 2
_fta,n(ab—i-bx)d:c _ f zdz + xtan(l;z—l—bx) N .'E2 tan2(a + b.’L‘) @
b 2b 3
l 15
. [ iz Pol Log(2,— 2i(a+bzx) —2i(a+bx) Pol Log(2,— 2i(a+bx) d 2i(a+bzx) )
N Z(m y (2b e ) _ Je oly Elbz e )de ) 2 log (1 +e2z(a+bz’))
' b 2
_ftan(ab—l—bz)da: + zta,n(:—i-bx) _ %2 22 tanQ(a + b.’L‘) @
b 2b 3
| 3042
. ( iz PolyLog (2,—e2i(a+b2) [ e=2i(a+b2) PolyTog(2,—e2i(a+b2)) ge2i(atbz) .
o; Z( (2b ) - Euﬂ ) ) iz? log (1 + eZ(atbo))
' b 2
_ftan(a,b-i-bm)dm + ztan(a+br) L; 2 tanz(a + bw) ~ @
b 2b 3
| 3956
. ( iz PolyLog(2,—e2i(a+bz) fe_zi(a"'b“’) PolyLog(2,—e2i(a+b2)) ge2i(a+bx) .
”; ’L< Y. (2[) ) _ Elbz ) ) ’i.’L'2 log (1 + e2z(a+bx))
' b 2b
log(cosb(2a+bw)) + ztan(atbr) % N 22 tan? (a + b.'l?) @
b 2b 3
l 7143
3.12.  [z?tan’(a+ bz)dz
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. (iz PolyLog(2,—e?(+b2))  PolyLog(3,—e2!(a+b2)) . .
9 Z( 2b - 452 iz?log (1 + e2l(a+bw))
2 —

b 2b

log(cosb(2a+ba:)) + mtan(:+bz) _ % N 72 tan2(a i b.’L‘) izd

b 2b 3

input‘Int[x‘2*Tan[a + b*x]"3,x]

output} (-1/3*I)*x~3 + (2*I)*(((-1/2*I)*x~2*Log[1 + E~((2*I)*(a + b*x))]1)/b + (I*(
‘((I/2)*x*PolyLog[2, -E~((2xI)*(a + b*x))])/b - PolyLog[3, -E~((2*I)*(a + b
‘*x))]/(4*b‘2)))/b) + (x"2*Tan[a + b*x]~2)/(2*b) - (-1/2*x"2 + Logl[Cos[a +
'b*x]1/b"2 + (x+Tan[a + b*x])/b)/b

3.12.3.1 Defintions of rubi rules used

rule 15 Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simp[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] && NeQ[m, -1]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gkn*xLog[F]))*Log[1l + b*((F~(gx(e + f*x)))"n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]
Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_ ) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 Int[Log[l + (e_.)*((F_)~((c_.)*((a_.) + (b_)*(x_))))"(n_.)1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(c*x(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Logl[F]1)) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

3.12.  [z?tan’(a+ bz)dz
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, xI]

rule 4202 Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E™(2*I*(
e + f*x))/(1 + E-(2%I*(e + f*x)))), x], x] /; FreeQl[{c, 4, e, f}, x] && IGt
Q[m, 0]

rule 4203 Int[((c_.) + (d_.)*(x_)) " (m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*((bxTan[e + £f*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [bxd*(m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])~(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) mx(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, 0]

rule 7143‘Int[PolyLog[n_, (c_)*((a_.) + (b_)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
‘ymbol] :> Simp[PolyLog[n + 1, cx(a + bxx)"pl/(e*xp), x] /; FreeQ[{a, b, c, 4
, €, n, p}, x] & EqQ[bxd, axe]

3.12.4 Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.41

method | result

. . 3 2z (bx e2i(bz+a) _;02i(bz+a) _; 2a2 In (et (bz+a) 4ia3 %a2
risch —= 4 ( ) — (b3 ) + 31% + z;)zQa: + ;

2 1n (e2i(bz+a)+1)

iz Liog (_e2i(bz+a)) |

3 b2 (e2i(bz+a)+1)2

b2

input Lint (x~2*tan(b*x+a) ~3,x,method=_ RETURNVERBOSE)

output | -1/3*Ixx"3+2*x* (b*x*exp (2*I* (b*x+a) ) -I*exp (2*I* (bxx+a))-I)/b"2/ (exp(2*xI*(b
*x+a) )+1) "2-2/b"3*a"2x1n(exp (I* (b*x+a)) ) +4/3*I/b"3*a~3+2*I/b~2%a " 2kx+x"2%1
n(exp(2*I*(b*x+a))+1) /b-I*x*polylog(2,-exp(2*I*(b*x+a)))/b~2+1/2*polylog(3
,—exp(2*I*(b*x+a)))/b~3-1/b~3*1n(exp (2*I*(b*x+a))+1)+2/b~3*1n(exp (I*(b*x+a
)))

3.12.  [z?tan’(a+ bz)dz
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3.12.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 240 vs. 2(109) = 218.

Time = 0.26 (sec) , antiderivative size = 240, normalized size of antiderivative = 1.88

/ r?tan®(a + br) dx
| 26% tan (bo + a)” + 26%° + 2ibaLiy (20D 41 ) — 94 by (2CLAImEO) 4 1) — 4batan (
inputLintegrate(x*2*tan(b*x+a)‘3,x, algorithm="fricas") J

output | 1/4*(2+%b~2xx"2*tan(b*x + a)”~2 + 2¥b~2*x"2 + 2xI*b*x*dilog(2*(I*tan(b*x + a
) - 1)/(tan(b*x + a)~2 + 1) + 1) - 2*Ixb*x*dilog(2*(-I*tan(b*x + a) - 1)/(
tan(b*x + a)”2 + 1) + 1) - 4xbxxxtan(b*x + a) + 2% (b"2*x"2 - 1)*1log(-2*(I*
tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 2x(b"2xx"2 - 1)*log(-2x(-I*tan(b
*x + a) - 1)/(tan(b*x + a)”2 + 1)) + polylog(3, (tan(b*x + a)~2 + 2xIxtan(
b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + polylog(3, (tan(b*x + a)~2 - 2*I*tan
(b*x + a) - 1)/(tan(b*x + a)"2 + 1)))/b"3

3.12.6 Sympy [F]

/x2 tan®(a + bz) dz = /x2 tan® (a + bx) dz

input‘integrate(x**2*tan(b*x+a)**3,x) ‘

output LIntegral(x**Q*tan(a + b*x)**3, x) J

3.12.  [z?tan’(a+ bz)dz
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3.12.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 736 vs. 2(109) = 218.

Time = 0.66 (sec) , antiderivative size = 736, normalized size of antiderivative = 5.75

/ z?tan®(a + bx) dz = Too large to display

p
inputLintegrate(x“2*tan(b*x+a)“3,x, algorithm="maxima"

~—

output | -1/2*(a~2*(1/(sin(b*x + a)~2 - 1) - log(sin(b*x + a)~2 - 1)) + 2x(2x(b*x +
a)”3 - 6x(bxx + a)"2*a - 6%((b*x + a)”2 - 2x(bxx + a)*a + ((b*x + a)~2 -
2% (b*x + a)*a — 1)*cos(4x*b*x + 4%a) + 2*x((b*x + a)”2 - 2*(b*x + a)*a - 1)x*
cos(2xbxx + 2*a) - (~I*(b*x + a)~2 + 2xIx(b*x + a)*a + I)*sin(4xb*xx + 4x*a)
- 2% (-I*(b*x + a)~2 + 2xI*(b*x + a)*a + I)*sin(2*b*x + 2%a) - 1)*arctan2(
sin(2xb*x + 2*a), cos(2*b*x + 2xa) + 1) + 2% ((b*x + a)~3 - 3*(b*x + a)~2*a
- 6%bxx - 6%a)*cos(4*xb*x + 4*a) + 4*x((b*x + a)~3 - 3x(b*x + a)~2x(a - I)
+ 3% (bxx + a)*x(-2xI*a - 1) - 3*a)*cos(2xb*x + 2*a) + 6*(bxx*cos(4*bxx + 4%
a) + 2+bxx*cos(2xb*x + 2*a) + I*b*x*sin(4*xb*x + 4*a) + 2*%I*bxx*sin(2*b*x +
2xa) + bxx)*dilog(-e” (2*I*bxx + 2*I*a)) + 3k (I*(b*x + a)~2 - 2*I*(b*x + a
Yxa + (Ix(b*x + a)”2 - 2xIx(bxx + a)*a - I)*cos(4*b*x + 4xa) + 2x(I*x(b*x +
a)"2 - 2xIx(bxx + a)*a - I)*cos(2*b*x + 2*xa) — ((b*x + a)~2 - 2*(b*x + a)
*a — 1)*sin(4*xb*x + 4*a) - 2*%((b*x + a)~2 - 2x(b*x + a)*a - 1)*sin(2xbxx +
2xa) - I)*log(cos(2*bxx + 2*%a)~2 + sin(2*b*x + 2%a)~2 + 2%cos(2xb*x + 2%a
) + 1) + 3*%(I*cos(4xb*x + 4*a) + 2*I*cos(2¥bxx + 2*a) - sin(4*bxx + 4*a) -
2+sin(2*b*x + 2*a) + I)*polylog(3, -e~(2xI*b*x + 2xI*a)) + 2% (Ix(bxx + a)
"3 - 3*kIx(b*x + a)~2%a - 6xIxb*x - 6xI*a)*sin(4xb*x + 4*a) + 4x(Ix(b*x + a
)73 + 3x(b*x + a)"2%(-Ixa - 1) + 3*k(b*x + a)*(2*ka - I) - 3*I*a)*sin(2+b*x
+ 2%a) - 12*a)/(-6*xI*cos(4*b*x + 4*a) - 12xI*kcos(2*b*x + 2%a) + 6*sin(4*b*

X + 4*a) + 12*%sin(2*b*x + 2*a) - 6*I))/b"3

3.12.8 Giac [F]

/x2 tan®(a + br) dr = /z2 tan (bz + a)® dz

-

input integrate(x~2*tan(b*x+a)~3,x, algorithm="giac")

N

output‘ integrate(x~2*tan(b*x + a)~3, x)

3.12.  [z?tan’(a+ bz)dz
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3.12.9 Mupad [F(-1)]
Timed out.

/w2 tan®(a + br) dr = /ac2 tan(a + bz)’ dz

input Lint(x’?*tan(a + b*x)~3,x)

output Lint(x‘2*tan(a + b*x)~3, x)

3.12.  [z?tan’(a+ bz)dz



CHAPTER 3. LISTING OF INTEGRALS 119

3.13 [ ztan*(a + bz) dz

3.13.1 Optimalresult . . . . .. .. . ... . 119
3.13.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 119
3.13.3 Rubi [A] (verified) . . . . . . ... .. 120
3.13.4 Maple [A] (verified) . . . ... ... ... 122
3.13.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 123
3.13.6 Sympy [F] . . . . . 123
3.13.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 1231
3.13.8 Giac [F] . . . . o 124
3.13.9 Mupad [F(-1)] . . . . o o 124

3.13.1 Optimal result

Integrand size = 10, antiderivative size = 90

-2 2i(a+bx) ; _ ,2i(a+bx)
3 oz id? zlog (1+e ) _zPolyLog(2, e )
/xtan (a+bx)dr = 55~ 5 T 7 o2
_ tan(a + bz) N z tan?(a + br)
2b? 2b

output | 1/2#x/b-1/2+T*x"2+x*1n(1+exp (2+I* (b*x+a))) /b-1/2*I*polylog (2, ~exp (2+I* (bxx |
\ +a)))/b~2-1/2*tan(b*x+a) /b 2+1/2*x*tan (b*x+a) “2/b \

3.13.2 Mathematica [A] (verified)

Time = 4.58 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.90

/w tan®(a + bz) dz
__ibx(m + 2arctan(cot(a))) + 7 log (1 + e7*7) 4 2(bz — arctan(cot(a))) log (1 — e(br—arctan(cot(@)))) _ 7],

input LIntegrate [x*Tan[a + b*x]~3,x] J

3.13.  [ztan*(a+bz)dz
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output | (Ixbxx*(Pi + 2xArcTan[Cot[al]) + PixLog[l + E~((-2*I)*b*x)] + 2x(b*x - Arc
Tan[Cot [a]])*Log[1 - E~((2*I)*(b*x - ArcTan[Cot[al]))] - PixLog[Cos[b*x]]
+ 2%ArcTan[Cot[a]]*Log[Sin[b*x - ArcTan[Cot[a]]]] - IxPolyLogl[2, E~((2+I)=*
(b*x - ArcTan[Cot[al]l))] + b*x*Sec[a + b*x]~2 - Sec[al*Sec[a + b*x]*Sin[b*
x] - b™2#x"2*Tan[a] + (b~2*x~2*Sqrt[Csc[a]l~2]*Tan[al)/E~(I*ArcTan[Cot[a]l]l)
)/ (2¥b~2)

3.13.3 Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.09, number

_ _ o humber of rules _ _
of steps used = 10, number of rules used = 9, integrand size 0.900, Rules used = {3042,

4203, 3042, 3954, 24, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/:E tan3(a + bz) dz
| 3042
/w tan(a + bx)3dz
| 4203
2 2
_ Jtan’(a+bz)dz /xtan(a + bx)dz + z tan®(a + bx)
2b 2b
| 3042
[tan(a + bz)?dz  ztan?(a + bx)
— [ ztan(a + bx)dx — +
2b 2b
| 3954
tan(atbs) _ [ 1dg ztan?(a + bx)
— b — sl Sell A
5 /ac tan(a + bx)dz + o
| 24
wtan?(a+by) ERatbn) _ 4
- /wtan(a + bx)dx + 5% — 5
| 4202
e2ilatbz) ztan?(a + bx) tan(atbe) _ 5 g2
1 / T+ - b - —
1 + e2i(atba) 2b 2b 2

3.13.  [ztan*(a+bz)dz
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| 2620
o; i [log (1 + e%(a+2)) dg _izlog (1 4 Zlatba)) N ztan®(a +bx) w -z iz’
2b 2b 2b 2b 2
| 2115
o f e—2i(a+bz) log (1 + e2i(a+bw)) de2i(a+bx) B iz log (1 + e2i(a+bx)) ztanz(a + bI) B
4b? 2b 2b
tan(al;—i-bz) —x  ix2
2b 2
| 2838
o; _ PolyLog (2, —eZi(atba)) _izlog (1 + e?ila+ba)) + ztan®(a +bx) ta‘n(a%bw) -z
4h? 2b 2b 2b 2

inputLInt[x*Tan[a + b*x]"3,x]

output‘ (-1/2%I)*x"2 + (2*I)*(((-1/2*%I)*x*xLog[1l + E~((2*I)*(a + b*x))])/b - PolyLo
‘g[2, -E~((2*I)*(a + b*x))]1/(4%b"2)) + (x*Tan[a + b*x]~2)/(2*%b) - (-x + Tan

\ [a + b*x]/b)/(2%b)

3.13.3.1 Defintions of rubi rules used

rule 24‘Int [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_)*(x_))))"(@_)*((c_.) + (d_)*(x_))"(m_.))/

mp [d* (m/ (bxf*g*n*Log [F]))

(@) + (b_)*((F_)"((g_I)*x((e_.) + (£_)*(x_)))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))~n/a)], x]1, x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 /Int[Log[(a_) + (b_)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]

:> Simp[1/(d*e*n*Log[F])
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)

3.13.  [ztan*(a+bz)dz
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rule 2838 Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*x"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3954 Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[b*((b*Tan[c + 4
*x])"(n - 1)/@*(@ - 1))), x] - Simp[b~™2 Int[(b*Tan[c + d*x])"(n - 2), x]
, x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]

rule 4202 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E~(2*I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQl[{c, d, e, f}, x] && IGt
Q[m, 0]

-

rule 4203 Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symb
ol] :> Simp[b*(c + d*x) m*((b*Tan[e + f*x])~(n - 1)/(f*(n - 1))), x] + (-Si
mp [b*d* (m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(bxTan[e + £*x])"(n - 1), x]
, x] = Simp[b~2 Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Q{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

3.13.4 Maple [A] (verified)

Time = 0.27 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.36

method | result

size

obg e2i(bz+a) _jo2i(bz+a) _; %ax zln (e2i(b1+a)+1) i Lig (_e2i(bz+a))

2aln (ei(b“'“))

: iz? ia?
risch -5t b2 (e2i(ba+a) 11)2 -5 ~w T b - 252

b2

122

input Lint (x*tan (b*x+a)~3,x,method=_ RETURNVERBOSE)

output‘-1/2*I*x“2+(2*b*x*exp(2*I*(b*x+a))—I*exp(2*I*(b*X+a))—I)/b“2/(eXP(2*I*(b*x
‘+a))+1)“2-2*I/b*a*x-I/b“2*a“2+x*ln(exp(2*I*(b*x+a))+1)/b-1/2*I*polylog(2,-
‘exp(2*I*(b*x+a)))/b“2+2/b“2*a*1n(exp(I*(b*x+a)))

3.13.  [ztan*(a+bz)dz
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3.13.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 146 vs. 2(71) = 142.

Time = 0.26 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.62

/z tan®(a + bx) dzx
2 __2(i tan(bz+a)-1) __2(—1 tan(bz+a)—1) .. 2(i tan(bz+a)-
=2bxtan(bx+a) +2bxlog< m) +2bxlog( tan(bara) 41 ) +2bx+zL12(m
42
inputLintegrate(x*tan(b*x+a)‘3,x, algorithm="fricas") J

output‘ 1/4* (2xbxx*tan(b*x + a)~2 + 2+b*x*log(-2*(I*tan(b*x + a) - 1)/(tan(b*x + a ‘
)72 + 1)) + 2#bxxxlog(-2x(-Ixtan(b*x + a) - 1)/(tan(b*x + a)"2 + 1)) + 2%b |
¥x + Ixdilog(2*(Ixtan(bxx + a) - 1)/(tan(b*x + a)™2 + 1) + 1) - Ixdilog(2x
‘(-I*tan(b*x +a) - 1)/(tan(b*x + a)"2 + 1) + 1) - 2xtan(b*x + a))/b"2 ‘

3.13.6 Sympy [F]

/xtan3(a + bz) dz = /x tan® (a + bz) dz

-/

input Lintegrate (x*tan (b*x+a) **3,x)

output‘ Integral (x*tan(a + b*xx)**3, x) ‘

3.13.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 386 vs. 2(71) = 142.

Time = 0.78 (sec) , antiderivative size = 386, normalized size of antideriva